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Abstract: - The paper presents a new algorithm for optimal control law’s synthesis in rapport with state vector 
of the aircraft’s longitudinal move. Starting from state equation of the movement, the system is brought to 
Jordan canonic form and Riccati algebraic matriceal equation (whose solution is the gain matrix of the control 
law) is brought to an equivalent form with transformation relation. The new gain matrix is partitioned conform 
to equations (7)÷ (12). Using ALGLX algorithm, one studies elastic no deformed (no dimensional description) 
longitudinal move of an aircraft and dimensional elastic deformed move. One obtained Matlab/Simulink 
model and numerical program and with them time characteristics expressing state variables’ dynamic are 
obtained. 
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1 Description of flying object’s move-

ment and of the optimal control law 
Longitudinal move of an aircraft is described by 

state equation 
 ,BuAxx +=  (1) 
 
with −u  command vector −× xm ,)1(  state vector  

An ,)1( ×  and −B  matrices )( nn×  and respectively 
.)( mn×  Control law has the form 

 ,Kxu −=  (2) 
with −K  gain matrix .)( nm×  

For control law’s synthesis the system (1) is 
brought to Jordan canonic form 
 ,,, 1 PBRKxKuuBxAx T−=−=+=  (3) 
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where x  is the new state vector which verifies 
equation 
 [ ] ;0,, 11 T

mIBTBATTAxTx ==== −−  (4) 
T  is a non singular transformation −× mInn ,)(   
unity matrix .)( mm×  
Transformation matrix T  is chosen so that [1]  

 [ ],~TBT =  (5) 

where T~  is an arbitrary matrix so that .rang nT =  
Matrix P  is EMAR’s solution for the system (3) 
 ;0=+−+ QKBPPAAP T  (6) 

matrices P  and K  may be partitioned as below [2] 
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⎡
=  (7) 

where 11P  and 1K  are sub matrices with dimension  
),( mm×  22P  doesn’t interfere in calculus for 

obtaining of K  if matrix P  is diagonalizable; in 
this case 11P  must be diagonalizable also; it must be 

chosen in rapport with matrix ;R  by replacing B  
with form (4) in equation ,1 PBRK T−=  one obtains 
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one results 
 ;, 212111 KRPKRP ==  (9) 
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where, for simplicity, one has chosen mnIP −=22  

unity matrix; 22P  may have any form because it 
doesn’t interfere in calculus of .K  
For 1=m  and 4=n  (the case of longitudinal move 
of the aircraft) matrices have the following 
dimensions: 

),44(,)14(),14(),44(),44(),44( ×××××× PBBATA
),41(,)41(),44(),31(),11( 21 ××××× KKPKK  

);33(),31(),11( 22211211 ××=× PPPP T

[ ] [ ] [ ]
[ ] [ ] [ ]
[ ].

,;

,1,,,

2322212

11232221121

3221312112112111

kkkK

kKkkkkKKK

RIPpppPPpP T

=

===

=====
(11) 

Replacing RP ,11  and 1K  in (9) and (10) one results 
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The relations for calculus of KPP ,,  and QQK ,,  
are obtained. These verify Riccati algebraic 
equations afferent to system (1) and (3) 
 ,0=+−+ QPBKPAPA T  (13) 
 .0=+−+ QKBPPAAP T  (14) 
For mentioned relations’ obtaining equation (14) is 
left multiplied with ( ) TT 1−  and right multiplied with 

.1−T  By terms’ identification of the equation (13) 
one obtained the desired equations. First of them is 
 ( ) .11 −−= TQTQ T  (15) 

Taking into account that ATTA 1−=  and 
( ) ( ) ,11 IITTTT TTTT

=== −−  one results 
 ( ) .11 −−= TPTP T  (16) 

By equaling the third term of (13) with the 
third term of equation obtained by left multiplied 
with ( )TT 1−  and right multiplied with ( )1−T  of (14) 
and taking into account that ,1BTB −=  one yields 
 .1−= TKK  (17) 

 
 
2 Synthesis algorithm of the optimal 

control law using state vector 
(ALGLX) 
Step 1: one brings the system described by pair 

( ) ( ) ( ),,,, mnBnnABA ××  to Jordan canonical form 
( ),, BA  using transformation ;xTx =  here T  is a 
non singular linear transformation; 
 [ ],0, 11

mIBTBATTA === −−  (18) 
where T  has the form [ ],~TBT =  with T~  
random matrix ( )( )mnn −×  so that nT =rang  [1]. 

Step 2: gain matrix K  for the optimal control of 
system ( )BA,  is obtained so that closed loop system 
with matrix KBAG −=  has imposed stable 
eigenvalues. 

Step 3: matrices K  and P  are partitioned as 
follows 
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1K  and 11P  are sub matrices ( );mm×  sub matrices 

221211 ,, PPP  and R  are calculated in rapport with sub 
matrices of matrix K  and with weight matrix 

RR =  
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where mnI −  is the unity matrix ( ) ( );mnmn −×−  for 
1=m  

 [ ]
].1[

,2322211

=
=

R
kkkkK  (21) 

Step 4: 
Variant 1: matrices Q  and Q  are calculated 

 [ ],KBPPAAPQ T −+−=  (22) 

 ( ) ;11 −−= TQTQ T  (23) 
then, knowing matrices QBA ,,  and ,R  one solves 
EMAR and obtains P  
 ;01 =+−+ − QPBPBRPAPA TT  (24) 
one calculates gain matrix with equation 
 .1 PBRK T−=  (25) 

Variant 2 
Using form (12) of ,P  matrices P  and K  are 

obtained with equation ( ) ., 111 PBRKTPTP TT −−− ==  
Step 5: one calculates the eigenvalues of 

matrix ( );BKAG −=  if these are placed in left 
complex semi plane (matrix G  is stable), then gain 
matrix is the one already obtained; otherwise one 
returns to step 1 and chooses another matrix ,~T  of 
course another matrix T  and the calculus conform 
to algorithm’s steps is again achieved.  
Comparatively with algorithm presented in [2], 
calculus of matrix K  (step 2) and of matrix T  (step 
5) differs; in [2]  another formula for calculus of K  
is used and K  is calculated using formula .1−= TKK  
Usually, gain matrix is calculated directly by 
EMAR’s solution using matrices Q  and R  random 
chosen or calculated with other methods. 
 
 
3    Numeric examples 

One considers the case of longitudinal move of 
an aircraft described by equation (1) with no 
dimensional variables, 

,
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where 

 

;ˆ,ˆ

,ˆ,ˆ,ˆ
**

αΔ=αθΔ=θ

ω=ω
τ

=
Δ

= yy
a V

btt
V

VV  (27) 

−=τ s1,2a  aerodynamic time constant, −V  flight 
velocity, −α  attack angle, −θ  pitch angle, θ=ω y  
and  −δ= pu  elevator deflection. 
For move’s study one goes over algorithm’s steps 15  
times till the condition from step 5 is certified; one 
imposes, for example, the following eigenvalues for 
matrix ( )KBA −   
 .1.0,33.0,21.64.3 −−±− j  (28) 

One yields the following matrices 
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Using both variant 1 and variant 2 one obtains 
the same matrices  

[ ].0.5396.8975.020-0.547

,

0.5396.8975.020-0.547
6.89739.06640.554-10.454-
5.020-40.554-38.5285.927
0.54710.454-5.9272.860-
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⎥
⎥
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Calculus program for presented algorithm’s 
validation is presented in appendix; one uses 
instruction PLACE [3] for calculus of matrix K  and 
instruction LQR for calculus of matrix K  using the 
first variant of the algorithm. 

For obtaining the characteristics ),ˆ(ˆ),ˆ(ˆ ttV α   
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.
2.22-1.067.11-69.12-2.34-34.454.27-67.21-6.342.0960.55-

343.98-1.320.22-7.74-0.04-0.017.30-0.1522.150.82-94.55

,

0.423.350.10-4.060.50-1.29-2.451.020.451.21-3.3810.93
3.3541.993.01-71.9813.43-16.34-54.3420.45-16.6527.66-48.1274.12
0.10-3.01-4.390.320.23-0.533.4314.05-4.664.626.98-53.21-
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)ˆ(ˆ),ˆ(ˆ),ˆ(ˆ ttt py δωθ  one uses Matlab/Simulink model 
from fig.1; the obtained characteristics are presented 
in fig.2; initial values of state variables are 

.08.0)0(ˆ,5.0)0(ˆ,08.0)0(ˆ,1.0)0(ˆ =ω=θ=α= yV   

The obtained characteristics by the two methods are 
the same. 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 

 

Fig.1 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.2 
 

Let’s consider now the case of longitudinal 
move of an aircraft whose wing is affected by elastic 
deformations (bend); in this case state vector and 
input vector are [4] 

[ ]
[ ];

,121288775511

mp
T

y
T

u

x

δδ=

λλλλλλλλλλωΔαΔ= (31) 

 
 
 
 
  
 
 
 
 
 

 

 

where 128751 ,,,, λλλλλ  are wing local bend angles.  
The algorithm steps are gone over 10 times. The 
imposed eigenvalues of matrix ( )KBA −  are [5] 

 
01.1,88.6,04.8

,73.1626.2,73.1301.4
,66.1954.0,3281.10,2.37

−−−
±−±−

±−±−−
jj

jj
 (32) 

Initial state vector is 
[ ].10002115.0012010 −−=Tx  

The obtained time characteristics ,12,1),( =itxi  are 
presented in fig.3. The obtained characteristics by 
the two methods are the same. 
 

 
 
 
 
 
 
 
 
 

 

 

 
Fig.3 

 
 

4   Appendix 
close all; 
a=[-0.026 0.025 -0.1 0; 
     -0.36 -3 0 1; 
      0 0 0 1; 
      0.4212 -38.42 0 -3.67]; 
b=[0;0;0;1]; 
q=[10 0 0 0; 
      0 10 0 0; 
      0 0 100 0; 
      0 0 0 1]; 
r=[2]; 
[k,p,e] = lqr(a,b,q,r); 
i2=[1 0;0 1]; 
n3=randn(4,3); 
contor=1; 
t(:,1)=b(:,1); 
for i=1:4 
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    for j=1:3 
        t(i,j+1)=n3(i,j); 
    end 
end  
ab=(inv(t))*a*t; 
bb=(inv(t)*b); 
kb=place(ab,bb,e); 
e=eig(ab-bb*kb); 
k1=kb(1); 
k21=kb(2); 
k22=kb(3); 
k23=kb(4); 
r1=1; 
rb=[r1]; 
r=rb; 
pb=r1*[k1 k21 k22 k23]; 
k21 1 0 0; 
k22 0 1 0; 
k23 0 0 1]; 
ee=eig(rb); 
qb=-(pb*ab+(transpose(ab))*pb-pb*bb*kb); 
% Variant 2 
ppp=transpose(inv(t))*pb*inv(t); 
kkk=inv(r)*transpose(b)*ppp; 
eee=eig(a-b*kkk); 
m=rank(t); 
while real(eee(1))>0 | real(eee(2))>0 | real(eee(3))>0 
| real(eee(4))>0 | m<4 
n3=randn(4,3); 
contor=contor+1; 
t(:,1)=b(:,1); 
for i=1:4 
    for j=1:3 
        t(i,j+1)=n3(i,j); 
    end 
end  
ab=(inv(t))*a*t; 
bb=(inv(t)*b); 
kb=place(ab,bb,e); 
e=eig(ab-bb*kb); 
k1=kb(1); 
k21=kb(2); 
k22=kb(3);  
k23=kb(4);  
r1=5; 
rb=[r1]; 
r=rb; 
pb=r1*[k1 k21 k22 k23; 
            k21 1 0 0; 
            k22 0 1 0; 
            k23 0 0 1]; 
ee=eig(rb); 
qb=-(pb*ab+(transpose(ab))*pb-pb*bb*kb); 
% Variant 2 
ppp=transpose(inv(t))*pb*inv(t); 

kkk=inv(r)*transpose(b)*ppp; 
eee=eig(a-b*kkk); 
m=rank(t);  
end        
% end while 
contor 
% Variant 1 
q=transpose(inv(t))*qb*inv(t); 
r=rb; 
[kk,pp,ee] = lqr(a,b,q,r); 
k=kk; 
sim('schprog1'); 
subplot(321); 
plot(t,var1); 
grid; 
hold on; 
subplot(322); 
plot(t,var2); 
grid; 
hold on;  
subplot(323); 
plot(t,var3); 
grid; 
hold on; 
subplot(324); 
plot(t,var4); 
grid; 
hold on; 
subplot(325); 
plot(t,u); 
grid; 
hold on; 
k=kkk; 
sim('schprog1'); 
subplot(321); 
plot(t,var1,'r'); 
subplot(322); 
plot(t,var2,'r'); 
subplot(323); 
plot(t,var3,'r'); 
subplot(324); 
plot(t,var4,'r'); 
subplot(325); 
plot(t,u,'r'); 
 
 
5   Conclusion 
The paper presents a new algorithm for optimal 
control law’s synthesis in rapport with state vector 
of the aircraft’s longitudinal move. The presented 
algorithm (ALGLX) is illustrated for models of 
aircrafts’ longitudinal move, no dimensional 
description (elastic no deformable) and dimensional 
description (elastic deformable). 
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Abstract: - In this paper one presents an algorithm for project of a reduced order observer (ALGLOOR) with 
applications to aircraft’s longitudinal and lateral move. The command law is an optimal one in rapport with 
state vector of the observer. Numeric calculus examples are also presented; using Matlab/Simulink model of 
closed loop system one has made numeric calculus program and with it one obtained different time 
characteristics, which expresses state variables’ dynamics of the aircraft dynamic models.  
 
Key-Words: algorithm, optimal, control law, observer. 
 
1 Dynamic models of aircraft and 

reduced order observer 
Aircraft dynamic may be described by 

equations 
 ,pEuBuAxx ++=  (1) 
 ,Cxy =  (2) 
where x  is the state vector )1( ×n  of aircraft model,  
−y  output vector −× up ,)1(  the vector containing 

knowable inputs −× pum ,)1( 1  vector )1( 2 ×m  of 

unknown inputs (disturbances or nonlinear functions 
of non modeled systems),  
−A  matrix −× Bnn ,)(  matrix −× Emn ,)( 1  matrix 

−× Cmn ,)( 2  matrix ;)( np ×  matrices CBA ,,  are 
known.  

Let’s consider the reduced order observer 
described by equations [1] 
 ,HyGuFzzM ++=  (3) 
 ,ˆ QyPzx +=  (4) 
with  

0det,)(,)(,)1(ˆ,)1( =×××× MrrFrrMnxrz  
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