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Abstract: - In this paper one presents an algorithm for project of a reduced order observer (ALGLOOR) with 
applications to aircraft’s longitudinal and lateral move. The command law is an optimal one in rapport with 
state vector of the observer. Numeric calculus examples are also presented; using Matlab/Simulink model of 
closed loop system one has made numeric calculus program and with it one obtained different time 
characteristics, which expresses state variables’ dynamics of the aircraft dynamic models.  
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1 Dynamic models of aircraft and 

reduced order observer 
Aircraft dynamic may be described by 

equations 
 ,pEuBuAxx ++=  (1) 
 ,Cxy =  (2) 
where x  is the state vector )1( ×n  of aircraft model,  
−y  output vector −× up ,)1(  the vector containing 

knowable inputs −× pum ,)1( 1  vector )1( 2 ×m  of 

unknown inputs (disturbances or nonlinear functions 
of non modeled systems),  
−A  matrix −× Bnn ,)(  matrix −× Emn ,)( 1  matrix 

−× Cmn ,)( 2  matrix ;)( np ×  matrices CBA ,,  are 
known.  

Let’s consider the reduced order observer 
described by equations [1] 
 ,HyGuFzzM ++=  (3) 
 ,ˆ QyPzx +=  (4) 
with  

0det,)(,)(,)1(ˆ,)1( =×××× MrrFrrMnxrz  

9th WSEAS International Conference on AUTOMATION and INFORMATION (ICAI'08), Bucharest, Romania, June 24-26, 2008

ISBN: 978-960-6766-77-0 332 ISSN 1790-5117



and 
,)(,)(,)(, rnPprHmrGqnMrang ×××−≤

emmmpnQ ;;)( 21 +=×  is the observer’s error 
 ,Nxze −=  (5) 

By derivation of equation (5), replacing x  with 
form (1), y  with form (2), z  with form (3) and 
assenting that all coefficients of ux,  and pu  be null,  

 ,MNBG =  (6) 

 ,FNMNAHC −=  (7) 

 ,0=MNE  (8) 

one obtains the equation of error e  

 .FeeM =  (9) 

Error ( )xx −ˆ  may be expressed in rapport with 
.e  Taking into account equations (4) and (5), one 

results 
 Pexx =−ˆ  (10) 
if 
 [ ][ ] .ICNQPIQCPN T =⇔=+  (11) 
−I  unity matrix. 

 
 
2 Project algorithm of the reduced 

order observer (ALGLOOR) 
First of all one chooses matrix N  of form 
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where ( ) ( ) pnpnpn II −−×− =  is unity matrix and ( ) pqnI ×−  is a 
matrix whose elements are equal with 1 at 
intersection of line i  and column ij =  and all the 
other elements are null; === ErangqCrangp ,  

.pn −   
One calculates matrix M  so that condition (8) 

be fulfilled. For this, matrix M  is partitioned 
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With E  of form 

 [ ] ( )[ ]
( )[ ],
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2

121

qqnE
qpnEEEET
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×−=  (14) 

equation (8) is equivalent with system  

 
.0
,0

2314
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 (15) 

Choosing  
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one results 
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With M  and N  calculated, one determines 
matrix G  using equation (6). Also, one calculates 
matrices F  and H  with (7). For this, matrix F  is 
partitioned as follows 
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With H  and A  of forms 
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=
 (18)  
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condition (7) is equivalent with system 

 

;
,

,
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one results 
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One yield 
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Matrices P  and Q  are obtained from equation 
(11). For this these matrices are partitioned as 
follows 

     

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
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Condition (11) is equivalent with system 

  

( ) ( )

( ) ( )

( ) ( )

( ) ( ) .
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For example, one chooses  
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  ( ) ( )

( ) ( )qnqn

qnpn

P
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−×−

−×−

=
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1  (26) 

and equations (26) become 

  
;0

,0

21

112

=
=+

CQ
CQP

 (27) 

  
;

,0

22

124

ICQ
CQP
=

=+
 (28) 

one results 
  ,, 12422 CCPCQ ++ −==  (29) 
and 1Q  and 2P  represent solution of system (28). 
The above results lead to following algorithm 
(ALGLOOR). 

Step 1: one calculates EqCp rang,rang ==  
and verifies condition ;nqp =+  if this condition 
isn’t fulfilled then the algorithm isn’t useful in order 
to project the reduced order observer.  

Step 2: one calculates matrix N  with (12) and 
matrix M  with (16); 

Step 3: one calculates matrix G  with (6); 
Step 4: matrices CA,  are partitioned; one 

calculates +
1C  and, using this, matrices H  and F  

are calculated with equation (23); 
Step 5: matrices QP,  are partitioned using 

(24) and after that one calculates their components 
with (27), (28) and (30). 

In fig.1 modeling diagram for optimal 
command system described by equations (1) and (2) 
and which has as component a reduced order 
observer (equations (3) and (4)) is presented. 

 

 
 Fig.1 
One remarks that the algorithm ALGLOOR doesn’t 
use non singular transformations like other 
algorithms [2], [3], [4]. 
 
 
3   Numeric examples 

A reduced order observer for state x̂  
estimation described by equation (31) from [5], for 
longitudinal move with 
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may be projected using ALGLOOR algorithm.  
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Matlab program utilized is the first presented 
in appendix; one obtained matrices  

.
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Fig.2 

 
In fig.2 Matlab /Simulink model of the closed 

loop system described by equations (1)÷ (4) and  
xKu ˆ−=  is presented. For 0=u  (open loop) one 

obtains characteristics )(txi  and )(ˆ txi  - fig.3. These 
characteristics are also obtained for closed loop – 
fig.4. 

 

 
 
 
 
 
 
 
 
 
 
 
 

Fig.3 
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Fig.4 
 
Similar, for lateral move described by equation [6]  
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Characteristics )(txi  and )(ˆ txi  are presented in 
fig.5 (without controller) and fig.6 (with controller 

xKu ˆ−= ). 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.5 
 

 
 
 
 
 
 
 
 
 
 
 
 

 
 

Fig.6 
 

 
4 Appendix 
clear all; run prog2sec; close all; 
clear C; clear contor;  
clear e; clear i;  
clear r; clear m;  
clear P; clear Q;  
KK=K; 
A=[-0.007 0.012 -9.81 0; 
      -0.128 -0.54 0 1; 
       0 0 0 1; 
       0.065 0.96 0 -0.99]; 
B=[0;-0.04;0;-12.5]; 
C=[1 0 0 0;0 1 0 0]; 
E=[1 0;0 1;0 0;0 0]; 
n=size(A,1); 
m=size(B,2); 
q=size(E,2); 
p=size(C,1); 
x0=[100;1;0;10]; 
xc0=[10;0;-10;20]; 
up=[-0.0375;-0.0963]; 
deltap=[5];        % up=randn(2,1) 
A1=A(1:(n-p),1:(n-p)); 
A2=A(1:(n-p),(n-p+1):size(A,2)); 
A3=A((n-p+1):size(A,1),1:(n-p)); 
A4=A((n-p+1):size(A,1),(n-p+1):size(A,2)); 
C1=C(:,1:(n-p)); 
C2=C(:,(n-p+1):n); 
% Step 1 
N1=zeros((n-q),(n-p)); 
N2=eye((n-q),p); 
N3=eye((n-p),(n-p)); 
N4=zeros((n-p),p); 
N=[N1 N2;N3 N4]; 
% Step 2 
M1=eye((n-p),(n-q)); 
M2=zeros((n-p),(n-p)); 
M3=eye((n-q),(n-q)); 
M4=zeros((n-q),(n-p)); 

9th WSEAS International Conference on AUTOMATION and INFORMATION (ICAI'08), Bucharest, Romania, June 24-26, 2008

ISBN: 978-960-6766-77-0 335 ISSN 1790-5117



M=[M1 M2;M3 M4]; 
% Step 3 
I1=eye((n-p),(n-p)); 
I2=zeros((n-p),(n-q)); 
I3=zeros((n-q),(n-p)); 
I4=eye((n-q),(n-q)); 
I=[I1 I2;I3 I4]; 
P1=zeros((n-p),(n-q)); 
P3=eye((n-q),(n-q)); 
P4=-(pinv(c2))*c1; 
P2=zeros((n-p),(n-p)); 
P=[P1 P2;P3 P4]; 
Q1=eye((n-p),p); 
Q2=zeros((n-q),p); 
Q=[Q1;Q2]; 
% Step 4 
F1=M1*A4-M1*A3*pinv(C1)*C2; 
F3=M3*A4-M3*A3*pinv(C2)*C1; 
F2=zeros((n-p),(n-p)); 
F4=zeros((n-q),(n-p)); 
F=[F1 F2;F3 F4]; 
H1=M1*A3*pinv(C1); 
H2=M3*A3*pinv(C1); 
H=[H1;H2]; 
% Step 5 
G=M*N*B; 
s=rand(1)+randn(1)*i; 
MAT=[s*eye(n)-A E;C zeros(2,2)]; 
rank(MAT) 
if rank(MAT)~=n+q 
disp ('The method isn’t useful'); 
end 
if M*N*E~=[zeros((n-p),q); 
zeros((n-q),q)] 
disp ('First convergence condition isn’t fulfilled'); 
end 
if M*N*B-G~=zeros(n,m) 
disp ('Second convergence condition isn’t fulfilled'); 
end 
if M*N*A-F*N~=H*C 
disp ('Third convergence condition isn’t fulfilled'); 
end 
if P*N+Q*C~=I 
disp ('Fourth convergence condition isn’t fulfilled'); 
end 
% K=0 
K=zeros(1,n); 
sim('schalgloor'); 
subplot(221); 
plot(t,x1,'b',t,xc1,'r--');grid; 
subplot(222); 
plot(t,x2,'b',t,xc2,'r--');grid; 
subplot(223); 
plot(t,x3,'b',t,xc3,'r--');grid; 
subplot(224); 

plot(t,x4,'b',t,xc4,'r--');grid; 
K=KK; 
h=figure; 
sim ('schalgloor'); 
subplot(221); 
plot(t,x1,'b',t,xc1,'r--');grid; 
subplot(222); 
plot(t,x2,'b',t,xc2,'r--');grid; 
subplot(223); 
plot(t,x3,'b',t,xc3,'r--');grid; 
subplot(224); 
plot(t,x4,'b',t,xc4,'r--');grid; 
 
Program prog2sec 
close all; 
A=[-0.007 0.012 -9.81 0; 
      -0.128 -0.54 0 1; 
       0 0 0 1; 
       0.065 0.96 0 -0.99]; 
B=[0;-0.04;0;-12.5]; 
Q=[10 0 0 0;0 10 0 0;0 0 100 0;0 0 0 1]; 
R=[2]; 
[K,P,E] = LQR(A,B,Q,R);I2=[1 0;0 1]; 
N3=randn(4,3);contor=1;T(:,1)=B(:,1); 
for i=1:4   
for j=1:3 
T(i,j+1)=N3(i,j); 
end 
end  
Ab=(inv(T))*A*T;Bb=(inv(T)*B); 
Kb=place(Ab,Bb,E); 
e=eig(Ab-Bb*Kb); 
k1=Kb(1);k21=Kb(2);k22=Kb(3);k23=Kb(4); 
r1=5;Rb=[r1];R=Rb; 
Pb=r1*[k1 k21 k22 k23; 
             k21 10 0; 
             k22 0 1 0; 
             k23 0 0 1]; 
ee=eig(Rb); 
Qb=-(Pb*Ab+(transpose(Ab))*Pb-Pb*Bb*Kb); 
PPP=transpose(inv(T))*Pb*inv(T); 
KKK=inv(R)*transpose(B)*PPP; 
EEE=eig(A 
B*KKK);m=rank(T); 
while real(EEE(1))>0 | real(EEE(2))>0 | 
real(EEE(3))>0 | real(EEE(4))>0 | m<4 
N3=randn(4,3);contor=contor+1;T(:,1)=B(:,1) 
for i=1:4 
for j=1:3 
T(i,j+1)=N3(i,j);end 
end  
Ab=(inv(T))*A*T;Bb=(inv(T)*B); 
Kb=place(Ab,Bb,E); 
e=eig(Ab-Bb*Kb); 
k1=Kb(1);k21=Kb(2);k22=Kb(3);k23=Kb(4); 
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r1=1;Rb=[r1];R=Rb; 
Pb=r1*[k1 k21 k22 k23; 
             k21 10 0; 
             k22 0 1 0; 
             k23 0 0 1]; 
ee=eig(Rb); 
Qb=-(Pb*Ab+(transpose(Ab))*Pb-Pb*Bb*Kb); 
PPP=transpose(inv(T))*Pb*inv(T); 
KKK=inv(R)*transpose(B)*PPP; 
EEE=eig(A 
B*KKK);m=rank(T);  
end 
contor 
Q=transpose(inv(T))*Qb*inv(T);R=Rb; 
[KK,PP,EE] = LQR(A,B,Q,R); 
 
 
5   Conclusion 
A new algorithm for project of a reduced order 
observer is presented; it may be used in different 
applications and in case of aircrafts’ automat 
command system. Theoretical results are available 
by numerical simulations using calculus program 
made by authors using dynamic models of aircrafts 
and optimal control laws. 
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