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The paper presents the automatic control of the aircraft in the longitudinal plane during landing, taking 

into account the sensor errors and disturbances. Aircraft auto-landing is achieved by combining the H2 

and H∞ control techniques; this way, a robust H2/H∞ controller is obtained. It provides good precision 

tracking and robust stability with respect to the uncertainties caused by different disturbances and noise 

type signals. The weights of the H2 and H∞ control techniques within the robust H2/H∞ controller are 

adjusted such that the aircraft accurately tracks the desired trajectory during the two main stages of the 

landing process. The design of the new automatic landing system and the robust controller also 

includes an optimal observer and a dynamic compensator. The theoretical results are validated by 

numerical simulations for the landing of a Boeing; the results are very good (Federal Aviation 

Administration accuracy requirements for Category III are met) and prove the robustness of the new 

auto-landing system even in the presence of disturbances and sensor errors. 
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1. Introduction 

 A. Antecedents and motivations 

 The control of aircraft during landing is a problem of both theoretical and practical interest because it is 

well known that landing is the most challenging among all flight phases. During landing, accidents are more 

likely to happen because the aircraft flies at a considerable low altitude and low speed and because of wind 

turbulences, wind shears, measurement noises, and so on [1]; that is why, robustness to these disturbances is 

the main challenge in the design of Automatic Landing Systems (ALSs). Furthermore, these ALSs must 

consistently control aircraft to an accurate touchdown point and a smooth touchdown to prevent its damage. 

In the design process, one can use different conventional control laws as: proportional-derivative (PD), 

proportional-integral (PI), proportional-integral-derivative (PID) for the altitude and descent velocity 

control [2-5], PD or PID conventional laws for the pitch angle’s and pitch rate’s control, as well as different 

laws based on the state vector, dynamic inversion concept, with command filters, dynamic compensators, 

and state observers [1, 6-10]. The classical PID controllers cannot track satisfyingly the desired landing 

trajectory and velocity, especially when there is full of disturbances and uncertainties in flight, such as the 

ground effect and atmospheric disturbances; therefore, the robust controllers took people’s attention [11]. 

Thus, in recent years, lots of scientific researchers have applied the intelligent concepts for the automatic 

landing of aircraft; they used the optimal synthesis H2, H∞, H2/H∞ [5, 12], the adaptive synthesis based on 

dynamic inversion theory and neural networks theory [13-15], quantitative feedback theory [16], sliding 

mode control [17], linear quadratic optimal control (LQR/LQG), structured singular value μ-synthesis, or 

fuzzy techniques [18, 19]. Feed-forward neural networks with back propagation learning algorithm have 

also been used [8], the main drawback of such systems being that the neural networks require a priori 

training on normal and faulty operating data. In [20] the feedback linearization method has been used for 

nonlinear control in the design of an automatic landing system; unfortunately, the paper presents limited 

insight into the performance of simulations of this controller and no tests are performed outside of these 

simulations. In the work of Singh and Padhi [4] a nonlinear control has been designed using the dynamic 

inversion approach for the automatic landing of unmanned aerial vehicles along with associated path 

planning. The obtained algorithm is not tested in the presence of sensor errors and external disturbances, 
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this being a disadvantage of the algorithm. In the research area of optimal synthesis, Shue and Agarwal [11] 

have developed a mixed technique for the H2/H∞ control of landing, while Ochi and Kanai [21] have used 

the H∞ control technique to design an approach for aircraft automatic landing. In these papers, the authors 

did not analyze the robustness of the designed controllers in the presence of sensor errors and external 

disturbances – issue which is considered in our paper. 

 B. Main contribution  

 This paper focuses on the automatic control of aircraft in the longitudinal plane, during landing, by 

using its longitudinal dynamics, taking into consideration the errors of the sensors and other different 

disturbances. Our aim is to design a new landing control system in the longitudinal plane by using the H2 

and H∞ control techniques; this way, a mixed H2/H∞ controller is obtained. According to the authors of this 

paper, little progress has been reported for the landing flight control systems in the longitudinal plane by 

using the H2/H∞ approach; this motivates the present study. 

 The ALS designed in this paper represents an improved version of the automatic landing system 

designed in [6] and it differs from other similar automatic landing systems from the specialty literature; 

thus, our new ALS has some additional elements with respect to the one presented in [6]: 1) the mixed 

H2/H∞ optimization formulation is used instead of H∞ optimization approach which deals with bounded 

exogenous signals; 2) an optimal observer is used for the estimation of the aircraft state in the presence of 

sensor errors and external disturbances; 3) a dynamic compensator providing one of the two components of 

the mixed H2/H∞ control law; 4) a subsystem which models the geometry of landing and provides the 

imposed value of the aircraft pitch angle. The inputs of the dynamic compensator are the errors in 

longitudinal velocity and pitch angle, while the output is the first component of the control law; the second 

component of the control law will be determined by using the mixed H2/H∞ approach and an optimization 

algorithm borrowed from [11]. Our new automatic landing system differs from other ALSs by a greater 

degree of generality, applicability, and simplicity. 

2. Aircraft Dynamics and Landing Geometry 

 A. The geometry of landing 

 There are three phases in a typical landing procedure: initial approach, glide slope, and flare [22]. During 

initial approach, the pilot descends from the cruise altitude to an altitude of approximately 420 m above the 

ground for heavy aircraft or less than 420 m for light aircraft. The pilot then positions the airplane so that it 

is on a heading towards the runway centerline. When the aircraft approaches the outer airport marker, which 

is about 4 nautical miles from the runway, the glide slope path signal is intercepted [15]. As the airplane 

descends along the glide slope path, its pitch, attitude, and speed must be controlled; the aircraft maintains a 

constant speed along the flight path. The descent rate, for a Boeing 747, must be 3 m/s and the pitch angle is 

between -5 and 5 degrees. As the airplane descends to 7-30 m above the ground (the maximum value is for 

Boeing 747), the slope angle control system is disengaged and a flare maneuver is executed. The vertical 

descent rate is slightly decreased so that the landing gear may be able to dissipate the energy of the impact 

at landing. The pitch angle of the airplane is then adjusted, between 0 to 5 degrees for most aircraft, to allow 

a soft touchdown on the runway surface [15]. 

 Aircraft landing is simplified if the aircraft motion in lateral plane is made without errors (deviation of 

the aircraft from the runway direction is zero). This is why the system for the automatic control of the flight 

direction is very important. Before the start of the two landing main stages in longitudinal plane (the glide 

slope phase and the flare phase), the pilot must cancel the aircraft lateral deviation with respect to the 

runway. This can be achieved by means of different control systems for the flight direction control with 

radio navigation subsystem and equipment used for the measurement of the distance between the aircraft 

and the radio markers [13, 16, 23, 24].  

 For the glide slope phase ( ,0HH  0H  the altitude at which the glide slope phase ends and the 

second landing phase begins), the imposed (calculated) altitude Hc and the real altitude H are, respectively: 



   ,,sin 00  VHVH cc
  (1) 

with  c  the imposed slope angle of aircraft’s trajectory during this first stage of landing  deg5.2 c
, 

V0 – the nominal flight speed,   the aircraft attack angle,   the aircraft pitch angle. 

 The equations associated to the flare phase  0HH   are: 
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where   /exp0 tHH ref  is the reference altitude, while   is the time constant that defines the exponential 

curve (flare landing phase). By integration of the above equation, one obtains: 
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This equation expresses that, for the elimination of the tracking error associated to the altitude during the 

flare phase, one must use an ideal integrator after the tracking error, i.e. a state which expresses the 

integration of aircraft altitude [25]; this will be detailed latter in this section. Now, by using the equations 

(1) and (2), one can calculate the imposed value (the reference value) of the aircraft pitch angle    for 

the two stages of landing: 
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 B. Linearized dynamics of aircraft  in longitudinal plane 

 The linearization of an aircraft’s nonlinear dynamics is generally based on the small disturbances’ 

method with respect to an equilibrium trajectory, usually associated with the sea level; the dynamics used 

in this paper belongs to a Boeing 747. The linear model of aircraft’s motion, in longitudinal plane, is 

described by the state equation [2, 3]: 

  ,wuuxx GBA   (5) 

with 
14

Rx  the state vector,    12, Rqwu
T

ux  the command vector,   ,
T

Te u  while wu  

is the vector of disturbances; in equation (5), u is the longitudinal velocity, w – the vertical velocity, q – the 

pitch angular rate, θ - the pitch angle, while δe and δT are the elevator’s deflection and the engine’s 

command, respectively. Taking into account that the vertical velocity w is much smaller than u, aircraft’s 

velocity in longitudinal plane can be approximated as follows: ;22 uwuV   thus, the nominal value of 

V is considered to be   .0 00 uuV   The matrices 2444 ,   RBRA  are, respectively [7]: 
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If we consider, as new states, the deflections δe and δT (outputs of the actuators), satisfying the equations: 
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for ,0wu  the aircraft state equations are:  
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 For the control of aircraft during the glide slope phase, the state 
18

Rx  is chosen as follows: 
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with ./ 0Vw  Thus, one adds to equations (8) the differential equations associated to the variables 0/VH  

and ;/ 0VH  
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the last one has been obtained by derivation with respect to time of the first equation (10), with 0/Vw   

of form (8). 

 Putting together equations (8) and (10), with the state vector (9), one obtains the matrices A and B; 
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 Denoting with   
T

gggg qVu 0/wu  the vector of disturbances, additionally introduced in the 

equations of the states ,,,,/ 0  qVu  one yields the matrix G as follows: 
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 For the control of aircraft during flare, the following state 
18

Rx  is chosen: 
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the matrix A is obtained with (11), modifying only the sixth line, while the matrix B  is the same with the 

one in (11); thus, one yields: 
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3. Design of the H2/H∞ Control Law and of the new ALS 

 A. Design of the H2/H∞ control law 

 Optimal control problems have became more and more important in the design of modern 

engineering systems [26-29]. The solving of an optimal problem means to determine a system’s input 

which optimizes a given cost functional and satisfies a set of constraints [27]. The control input that 

yields an extreme of the cost functional is known as the optimal control and the corresponding variation 

of the state variables is called the optimal trajectory. Some simple optimal control problems can be 

solved analytically, while different direct methods [30] are used to approximate the solution in the case of 

general optimal control problems. 

 In this section, the control of aircraft’s flight during the two landing phases is achieved by designing a 

H2/H∞ controller. For the design process, the output controlled variables are chosen as Hz 0  and ,1 Hz   

respectively; the equations associated to these two variables are: 

  ,, 11110100 uxux DCzDCz   (15) 

while the expression of the second output variable  Hz 1  is: 
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For the first phase of landing (glide slope), taking into account the equation ,00  VVH  we obtain: 
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1c  and 2c  are positive constants. Also, the equation of the measurement system is:  

  ,eDCy 22 x  (18) 

where 722 IkD   ( k  positive constant) is the matrix of weights associated to the vector containing the 

sensor errors [11]:     ,,
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obtained by identification; 
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 For the second phase of landing (flare), the equations (17) become: 
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the matrices C0 and C1 have been deduced by means of equations (2). The controlled output variables z0 and 

z1 are now: 
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 The system measurement equation is again (18), with   ,
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while D22 has the same expression as the one in the case of the first landing phase. 

 Putting together equations (5), (15), and (18), the following equation is obtained: 
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To proof that, in steady regime, the forms of Hz 0  and Hz 1  are the same with the ones in equation 

(23), one has used the expansion of  T
zzz 10 as function of x and u; for u0=0, we have successively 

obtained the following equations: 
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 The control law u  is calculated by using the formula: 

  ,ˆ
dcuuu   (24) 

where û  is the optimal command calculated by means of the H2/H∞ method, while the component 
dcu  is 

the output of a dynamic compensator. For the calculation of the optimal control law û  (the output of the 

H2/H∞ controller) we have to minimize two cost functionals. The first one, associated to the H2 approach, is: 

     
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In the case of H2 approach, the optimal control law has the form [31]: 

  ;,,ˆˆ
010100 DDRPBRKK TT  

xu  (26) 

in the above equation, 


0R  denotes the pseudo-inverse of the matrix R0, the symmetric and positive defined 

matrix 88
RP  is the stabilizing solution of the Riccati matriceal equation [11]: 

  ,000   QPBPBRPAPA TT  (27) 

with ,000 CCQ
T

 while x̂  is aircraft’s estimated state (provided by an observer which is designed by using 

the H2 approach); to obtain this signal, one borrowed the observer presented in [31], i.e.: 

   ;ˆˆˆ xuxx CyLBA   (28) 

the observer gain matrix L is calculated with the formula: 

    ,
1

2222

* 

 DDCPL
TT

 (29) 

where *P  is the stabilizing solution of the Riccati matriceal equation [11]: 

    .0*1

2222
*** 

 TTTT GGCPDDCPAPAP  (30) 

 The H∞ control method combines the classical shaping with robust stabilization; using now this control 

approach, the system state equation, the equation of the output variable z1, and the measurement equation of 

the system, for the two stages of landing, we calculate the optimal control law û  which minimizes the cost 

functional: 
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In this case, the optimal control law has the form [31]: 

  ;,,ˆˆ
111111 DDRPBRKK TT  



xu  (32) 



1R  denotes the pseudo-inverse of the matrix R1, while the symmetric and positive defined matrix 88

 RP  

is the stabilizing solution of the Riccati matriceal equation [11]: 

    ,01

2

11  



 QPGGBBRPAPPA TTT  (33) 

where 111 CCQ T  and R1 are positive matrices, while 1  is a positive scalar for which the Riccati equation 

(33) has a stabilizing solution. The observer equation is (28) with the gain matrix 78

 RL  having the form: 



    ,
1

2222

* 

  DDCPL TT  (34) 

where 88* 

 RP  is the solution of the Riccati matriceal equation: 

    ;0
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11

2

2
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 





TTTT
GGPCCCCPAPAP  (35) 

2  is a positive scalar for which the equation (35) has a stabilizing solution. 

 In order to obtain an optimum for the control law calculated both with H2 and H∞ approaches, i.e. to 

obtain the expression of the H2/H∞ control law, the following algorithm [11] can be used: 

Step 1: The determination of the norms H2 and H∞ associated to the solutions of the Riccati equations (27), 

(30), (33), and (35); 

Step 2: The calculation of the matrices 

      ,1ˆ,1ˆ ***

  kPPkPkPPkP   (36) 

with  ;1,0k  in the fourth section of the paper, we will choose k=0.5 but we will also analyze the effect of 

this constant’s modification on the altitude deviation with respect to its nominal value; 

Step 3: The check of the following conditions’ fulfillment [11]: 

  .ˆˆ,0ˆ,ˆ ** IPPPP    (37) 

Step 4: The choosing of the constant k and the running of the steps 2 and 3 until the conditions (37) are met; 

Step 5: The obtaining of the control law’s final expression (combining the H2 and the H∞ approaches) by 

means of the equations: 

  ,ˆˆ,ˆˆˆ
1 PBRKK

T
 xu  (38) 

and the obtaining of the final expression for the observer gain matrix:   .ˆˆ 1

2222

* 
 DDCPL TT  

 B. The structure of the new automatic landing system 

 The structure of the new automatic landing system using a H2/H∞ controller, a dynamic compensator, 

an optimal observer, and the geometry of landing is presented in Fig. 1. Here, the variables with a line 

above them mean the desired (imposed) values of these variables, while the matrix Cr has the form: 
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Fig. 1 H2/H∞ optimal control system for aircraft landing 



The linear dynamic compensator is chosen as proportional-derivative one; it provides the signal dcu  which 

is necessary for the system’s stabilization. The proportional coefficients ( Vk  and k ) and the derivative 

ones ( VV Tk  and Tk ) associated to the dynamic compensator may be calculated either by imposing desired 

roots (solutions) for the characteristic equations of the linear closed loop subsystem with negative unitary 

feedback or by means of the Ziegler-Nichols tuning rules. 

 The obtaining of the aircraft desired landing trajectory mainly involves two variables’ control: the 

forward speed (u) and the pitch angle (). According to the landing requirements for Boeing 747, the aircraft 

must descend from the cruising altitude to a lower one (around 420 m). Meanwhile, the aircraft speed is also 

reduced from the cruising value to an approach value and, after that, it remains constant. So, when we choose 

the desired trajectory, we firstly choose the desired forward speed u. The optimal control system associated 

to aircraft flight during landing (longitudinal plane), based on H2/H∞ method, together with the optimal 

observer must assure the convergences:    ;ˆ0-,,0 xxxxxxxxxx  CyCyyyy  

here, x  is the aircraft desired state, while y  is the reference vector associated to the measured output y. 

4. Numerical Simulation Results 

 A. Numerical simulation setup 

 To study the performances of the new obtained automatic landing system, we consider the landing of a 

Boeing 747. Complex simulations in Matlab/Simulink environment have been performed; thus, we 

designed the optimal observer, the H2/H∞ controller, and, after that, we validated the proposed automatic 

landing system. The values of the coefficients for Boeing 747 dynamics have been borrowed from [6]: 

,1,01.0,0,412.0,164.0,017.0,0,322.0,122.0,021.0 12113433323124141211  bbaaaaaaaa  

,16.3,31.0,4,,s9.0,m/s70,544.0,378.0,044.0,064.0 210032312221  ccVuTTVbbbb Te   

.100,50,s1,1 21   TTkk VV  By using the equation (12), the elements of matrix G have been 

calculated; for the two stages of landing, the vector containing the sensor errors is 

  .deg1.0deg1.0m0deg1.0deg/s0deg1.0m/s1.0
T

e   For the first landing phase, the initial value of 

the state is     ,deg2deg1-0s6deg5.2sdeg/2deg5.00143.10
T

x  while, for the second phase 

of landing, the initial state is     .deg1-deg2-0s428.0deg0sdeg/0deg010
T

x  The vector of 

disturbances, additionally introduced in the state equations, is   
T

deg55.2sdeg/005.0057.1wu  first 

landing phase, and   
T

deg0sdeg/005.013.1wu  second landing phase, respectively.  

 B. Results and discussion 

 In Figs. 2 and 3 we represent the time characteristics for the glide slope landing phase and flare 

landing phase, respectively; the characteristics have been represented for the new ALS affected by 

disturbances in the presence or in the absence of sensor errors (the sensors are used for the measurement 

of the states). The last three mini-graphics in Figs. 2 and 3 represent the deviations of the forward speed 

(u), slope angle   , and altitude (H) with respect to their nominal values, i.e. .,, HHuu refc   The 

presence of the sensor errors is not visible: the curves with solid line (obtained for the ALS without 

sensor errors) overlap almost perfectly over the curves plotted with dashed line (obtained for the ALS 

with sensor errors). The time origin for the flare trajectory is chosen zero when the altitude is H=H0=30 m 

(the altitude at which the glide slope ends). 
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Fig. 2 Time characteristics for the glide slope phase, with or without sensor errors 
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Fig. 3 Time characteristics for the flare phase, with or without sensor errors 

  



 Remark 1 

 From the theoretical part of this paper, we retained the mandatory values of the slope angle (the 

difference between the pitch angle and the attack angle): -2.5 degrees in the first landing phase and 0 

degrees in the second phase, respectively. By analyzing Figs. 2 and 3, we remark the correctness of the 

simulation data. During the glide slope, the aircraft must have a linear descendent trajectory (7
th

 graphic in 

Fig. 2) and, as a consequence, the pitch angle must be negative; as one can see in Fig. 2, the pitch angle is    

-2.52 degrees, while the attack angle is slightly negative  ;deg02.0  it results the desired slope angle (-2.5 

degrees). In the flare phase, the aircraft must describe a parabolic trajectory (7
th

 graphic in Fig. 3) with a 

null slope angle; as one can see in Fig. 3, the pitch and attack angles become zero in about 20 seconds; it 

results the desired null slope angle.   □ 

 Remark 2 

 The landing begins at a longitudinal speed initially exceeding the nominal speed by 1 m/s (see the 

first graphic in Fig. 2). The speed should be reduced to the normal speed (70 m/s) and then kept at this 

value; this landing process begins at 420 m (see the 7
th

 graphic in Fig. 2). To test the robustness of the 

new ALS, in all simulations, we have taken into consideration the disturbances. From the last graphic in 

Figs. 2 and 3, we can see that the final error between the desired path and the actual path is less than 0.3 

m during the glide slope phase and 0 m for the flare. These errors are very good if the Federal Aviation 

Administration (FAA) accuracy requirements for Category III (the best category) [32] are analyzed; 

according to FAA Category III accuracy requirements, the vertical error (altitude deviation with respect 

to its nominal value) must be less than 0.5 m, the lateral deviation must be less than 4.1 m, while the final 

altitude at the end of flare must be 0 m. The robustness of our new automatic landing system is guaranteed 

by the H2/H∞ control technique, this method being capable to handle the plant with measurement noise 

(sensor errors) and disturbances. From the forward speed’s point of view, the error is less than 0.01m/s 

(10
th

 graphic in Figs. 2 and 3); because the deviation of the slope angle with respect to its nominal value 

 c  tends to zero (11
th

 graphic in Figs. 2 and 3) we conclude that ,deg5.2 c  for the first 

landing phase, and deg0 c  for the second landing phase.  □ 

0 2000 4000 6000 8000 10000 12000
-50

0

50

100

150

200

250

300

350

400

450

A
ir

cr
af

t 
al

ti
tu

d
e 

[m
]

Horizontal distance [m]

Actual altitude

Desired altitude

Begin of Flare

Begin of

Glide Slope

End of Flare

 

Fig. 4 Aircraft altitude versus horizontal distance 

 In Fig. 4, the characteristics  XH  and  XH ref  are presented; X represents the horizontal distance 

covered by aircraft during landing. The optimal control system associated to aircraft flight during landing 

(longitudinal plane), based on H2/H∞ technique, assures the convergence ,refHH   for both cases when 

the sensor errors are taken or not into consideration. A little difference appears during the first landing phase 

(between 420 m and 30 m), but this error is canceled and it is very close to zero during flare; this error 



meets the FAA Category III accuracy requirements (see the 12
th

 graphics in Figs. 2 and 3). During the 

second phase of landing, the trajectory corresponds to a desired exponential curve; the point where the 

airplane landing gear touches the ground is approximately the same with the desired point (situated to 

approximately 10010 m horizontal distance from the point associated to the start of the landing). □ 

 Remark 3 

 For Boeing 747, the first phase of the landing process takes approximately 126 seconds (see the 7
th
 

graphic in Fig. 2), while the second phase of landing (flare phase) takes approximately 17 seconds (see the 

7
th

 graphic in Fig. 3); in the same time, the steady values of aircraft longitudinal velocity and vertical 

velocity are m/s7.1,m/s70  wu  (glide slope – Fig. 2) and m/s3.0,m/s70  wu  (flare – Fig. 3), 

respectively. During the two stages of landing, the vertical velocity’s mean values are m/s09.3meanw  and 

,m/s77.1meanw  respectively. Using this information, we make now a brief analysis regarding the 

correctness of the numerical simulation data: 1) the horizontal distance covered by the aircraft in the first 

landing phase must be approximately m8820s621m/s70 X  – value confirmed by Fig. 4; 2) the 

horizontal distance covered by aircraft in the second landing phase must be approximately 

m1190s17m/s70 X  – value confirmed by Fig. 4; 3) the total horizontal distance covered during the 

whole landing process is m1001011908820 X  – value confirmed again by Fig. 4; 4) the vertical 

distance covered by the aircraft in the first landing phase must be approximately ,m34.389s261m/s09.3   

while the vertical distance covered in the second landing phase must be approximately 

.m09.30s17m/s77.1   These values are again confirmed by Figs. 2 and 3 since the glide slope means a 

390 m descent for the aircraft’s center of gravity, while the flare means a 30 m descend.  □ 

 In the third paragraph of the paper, the matrix D22 (the matrix of weights associated to the sensor errors) 

has been chosen as 722 IkD   ( k  positive constant,  22det Dk  ); for Figs. 2-4, we have used the value 

1k , but it is interesting to optimize this constant. According to eqs. (29) and (34), a change of the matrix 

D22 is equivalent with the modification of the observer’s matrices ,, LL  and, according to the eqs. (30), 

(36), and   ,ˆˆ 1

2222

* 
 DDCPL TT  this change also means a modification of the observer’s final gain matrix  ,L̂  

of the observer’s errors, of the matrices ,ˆ,
**

PP  and of all the variables’ time history. □ 
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Fig. 5 Aircraft altitude and altitude errors during glide slope for different matrix D22 
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Fig. 6 Aircraft altitude and altitude errors during flare for different matrix D22 

 Because the most important error is the altitude error, beside the aircraft altitude, we represent in Fig. 5 

the time history of the altitude error  HH ref   for different values of the matrix D22; we have chosen 5 

values for the constant ,k  i.e.: 1, 20, 30, 50, and 70. For the first landing phase, as one can see in the first 

graphic in Fig. 5, the altitude decays faster for small values of the constant ;k  this means that an increase 

of the D22 determinant is equivalent with the increase of the glide slope duration and horizontal distance 

covered during this first stage of landing. In the same time, the increase of the D22 determinant means 

higher altitude error (second graphic in Fig. 5). For the flare stage, in Fig. 6 we represented the time 

histories of the altitude and altitude error for other five values of ,k  i.e.: 1, 2, 3, 4, and 5; these five values 

are smaller than the ones chosen for the glide slope because, in this stage, the altitude is more sensitive with 

respect to the constant .k  In this case, the influence of D22’s modification is different; for 1k  the 

altitude describes an exponential curve, while the altitude decreases to zero after an important hump for 

the other four values (first graphic in Fig. 6). This hump (increase of the altitude followed by its decrease) 

cannot be accepted during flare because the aircraft may be susceptible to accidents. The modification of 

k  does not modify the final value of the altitude error (see the second graphic in Fig. 6) but it dramatically 

increases its overshoot. On the other hand, the flare’s duration and the horizontal distance covered during 

this stage of landing are not influenced by the modification of the matrix D22 through the constant .k  

 In equation (36) the constant k has been chosen 0.5 but it is also interesting to analyze the effect of this 

constant’s modification on the altitude and altitude deviation with respect to its nominal value. Actually, the 

constant k represents the weight of the matrices P  and ,
*

P  while the constant (1-k) represents the weight 

of the matrices P and 
*

P  in the matrices P̂  and 
*

P̂  calculated by means of the H2/H∞ technique. With other 

words, the constant k may be regarded as the weight of the H∞ technique in the control law design, while 

the constant (1-k) may be regarded as the weight of the H2 technique in the control law design. If k=1, the 

control law is designed only by using the H∞ technique, while, if k=0, the control law is designed only by 

using the H2 technique. Till now, the weights of H2 and H∞ techniques have been considered equal (k=1- 

k=0.5); now, we increase and decrease the value of constant k and we analyze which is the effect of this 

modification on the aircraft altitude and altitude deviation error  .HH ref   These characteristics, in the 

presence of sensor errors, are represented in Fig. 7 (glide slope) and Fig. 8 (flare).  
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Fig. 7 Aircraft altitude and altitude errors during glide slope for different values of constant k 
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Fig. 8 Aircraft altitude and altitude errors during flare for different values of constant k 

 Analyzing the characteristics’ family in Fig. 7, we remark that the increase of the constant k from 0.2 

to 0.8 leads to the increase of the glide slope’s duration and horizontal distance covered during this first 

stage of landing, the advantage being related to the fact that the overshoots and the transient regimes are 

smaller. Analyzing now the characteristics’ family in Fig. 8 (flare phase) we remark that the exponential 

curve for the altitude is obtained only for k=0.5 (the weights of H2 and H∞ techniques are equal in the 

control design); increasing or decreasing the constant k, we notice that the altitude tends to zero after an 

important hump (first graphic in Fig. 8). During flare, the altitude must be described by null overshoot, 

this being achieved only for k=0.5. Moreover, the modification of k does not modify the final value of the 

altitude error but it dramatically increases the overshoot (see the second graphic in Fig. 8). On the other 

hand, the flare duration and the horizontal distance covered during this stage of landing are not influenced 

by the modification of the weight k. Concluding, the optimization process of the constant k leads to k=0.5. 

 Remark 4 

 The problem of landing has also been discussed in other papers, different types of ALSs being 

designed [1-4]. If we make a brief comparison between our ALS and the ones based on an Instrumental 



Landing System or conventional/fuzzy control of flight altitude by using the system’s state [3], we remark 

that from the system transient regime period and overshoot’s points of view, the ALS based on the H2/H∞ 

technique and dynamic compensator work slightly better. Improvement of the performance was obtained 

by replacing the conventional controllers with fuzzy controllers [3], but those ALSs can not be used for 

no-bounded exogenous signals or strongly nonlinear aircraft dynamics. Our new ALS uses the mixed 

H2/H∞ technique, this having the advantage over classical control techniques in that it has applicability to 

problems involving multivariate systems with cross-coupling between channels; the only disadvantage is 

related to the non-linear constraints which are generally not well-handled. Since some of the exogenous 

inputs, as the sensor noises, are usually  modeled by random variables, a mixed H2/H∞ optimization 

formulation is more appropriate, taking into account that the pure H2 and H∞ optimization approaches deal 

with energy bounded exogenous signals.  □ 

5. Conclusions 

Auto-landing systems provide outstanding flight control performance, a smoother landing, and increase 

the passengers’ comfort; but there are limits: these systems work only within a specified operational safety 

envelope. The purpose of this study was to design a robust automatic landing system by using the H2 and 

H∞ control techniques taking into consideration the sensor errors and other different disturbances; this way, 

a mixed H2/H∞ controller has been obtained. It provides good precision tracking and robust stability with 

respect to the uncertainties caused by different disturbances and noise type signals. The ALS designed in 

this paper represents an improved version of the automatic landing system designed in [6] having some 

additional elements: an optimal observer providing the aircraft estimated state, a dynamic compensator 

providing one of the two components of the mixed H2/H∞ control law, and a subsystem which models the 

geometry of landing and provides the imposed value of the aircraft pitch angle. The design of the optimal 

control law gives the ALS a greater degree of generality, applicability, and simplicity.  The simulation 

results are promising and show the robustness of the algorithm even in the presence of disturbances and 

sensor errors; moreover, the very small errors meet the FAA accuracy requirements for Category III. 
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