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Abstract — The paper focuses on the automatic control of 

aircraft in the longitudinal plane, during landing, by using the 
literalized dynamics of aircraft, taking into consideration the wind 
shears and the errors of the sensors. The H-inf control provides 
robust stability with respect to the uncertainties caused by different 
disturbances and noise type signals, while the dynamic inversion 
provides good precision tracking. A new robust automatic landing 
system (ALS) is obtained by means of the H-inf control, the 
dynamic inversion, optimal observers, a dynamic compensator and 
two reference models providing the aircraft desired velocity and 
altitude. The theoretical results are validated using numerical 
simulations for a light aircraft landing; the simulation results are 
very good (Federal Aviation Administration accuracy requirements 
for Category III are met) and show the robustness of the algorithm 
even in the presence of wind shears and sensor errors. 
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I. INTRODUCTION 
Many scientific researchers have applied the intelligent 

concepts for the automatic landing of aircraft; they use the 
optimal synthesis ∞∞ HHHH /,, 22  [1, 2], the adaptive synthesis 
based on dynamic inversion theory and neural networks theory 
[3, 4] or fuzzy techniques [5, 6]. In the research area of optimal 
synthesis, Ochi and Kanai [7] have used the H∞ control 
technique to design aircraft automatic approach and landing. In 
this paper, the authors did not analyze the robustness of the 
designed controllers in the presence of sensor errors and wind 
shears – issue which is considered in our paper. This is achieved 
in [8], where a PD-type fuzzy control system is developed for 
automatic landing control of both linear and nonlinear aircraft 
models; the robustness for a wide range of initial conditions was 
demonstrated successfully [9]. The drawback is that the authors 
only set up the wind disturbance as the initial condition; 
persistent wind disturbance is not considered. The learning 
scheme using fuzzy controllers with the BPTT (Back-
propagation Through Time), presented in [9], guides the aircraft 
to a safe landing and makes the controller more robust and 
adaptive to ever-changing environment. By using improvement 
calculation methods and high-accuracy instruments, these 
systems provide more accurate flight data to the ALS to make 
the landing smoother; however, these studies did not include 
weather factors such as wind disturbances [9]. Same 
conclusions can be drawn from the work of Singh and Padhi 
[10] where a nonlinear control has been designed using the 
dynamic inversion approach for the automatic landing of 
unmanned aerial vehicles (UAVs) along with associated path 
planning. The obtained algorithm is not tested in the presence of 

wind shears, this being a disadvantage of the algorithm. Other 
methods to design the control for aircraft landing involve the 
use of neural networks [11], but the weakness of these methods 
is that they do not make the aircraft to track the desired flight 
path with accuracy. If severe wind disturbances are encountered, 
the pilot must handle the aircraft due to the limits of the 
automatic landing system. 

This paper focuses on the automatic control of aircraft in the 
longitudinal plane, during landing, using the aircraft linearized 
longitudinal dynamics, taking into consideration the errors of 
the sensors as well as the longitudinal and vertical wind shears. 
Our aim is to design a new landing control system in the 
longitudinal plane by using the H-inf control and the dynamic 
inversion concept. The controlled output vector (z) consists of 
the aircraft flight altitude and velocity, the disturbances of the 
system being the wind shears and the sensor measurement 
errors. The reference altitude, velocity, and their derivatives up 
to relative degrees of the system are provided by reference 
models by means of the landing geometry equations [12, 13]. 
The system differs from other similar automatic landing systems 
from the specialty literature. Our new automatic landing system 
consists of: 1) an optimal observer – used for the estimation of a 
state error vector in the presence of wind shears and sensor 
errors; 2) two reference models providing the desired altitude 
and velocity on the landing trajectory, together with the 
derivatives of these variables up to the relative degree of the 
system; 3) a dynamic compensator which provides one of the 
control law components (the pseudo-command signal). The 
inputs of the reference models are the altitude and the velocity 
calculated by using the landing geometry equations for the two 
main stages of the landing (glide slope and flare).  

II. AIRCRAFT DYNAMICS IN LONGITUDINAL PLANE 
The linearized dynamics used in this paper belongs to a light 

aircraft (Charlie-1 type) flight. The dynamics of aircraft motion, 
in longitudinal plane, is described by the state equation [13]: 

  ,wuuxx GBA ++=&  (1) 

with −∈ ×17Rx  state vector, [ ] ,T
TeHqwu δδθ=x  

[ ] −∈δδ= ×12RT
Tcecu  control vector, while [ ]T

vzvx VV=wu  is 
the vector of disturbances; vxV  and  vzV  are the components of 
the wind velocity along the aircraft longitudinal and vertical [1]; 
u is the longitudinal velocity, w – vertical velocity, q – pitch 
angular rate, −θ  pitch angle, H – aircraft altitude, while eδ  and 



Tδ  are the elevator deflection and the thrust command, 
respectively; ecδ  and Tcδ  are the commands applied to elevator 
and engine, respectively. The matrices 2777 , ×× ∈∈ RBRA  and 

27×∈ RG  are, respectively [13]: 
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The landing procedure involves three phases: initial 
approach, glide slope, and flare [14, 15]. During initial approach, 
the pilot descends from the cruise altitude to 420 m above the 
ground. At 4 nautical miles from the runway, the glide slope path 
signal is intercepted; the pitch, attitude and speed must be 
controlled while the aircraft maintains a constant speed; the pitch 
angle is between -5 and 5 deg. At 30 m above the ground, the 
slope angle control system is disengaged and a flare maneuver is 
executed.  

The equation associated to the glide slope phase ( ,0HH ≥  
−0H  the altitude at which the glide slope phase ends) is 
( ) ( ) ,sincos,tan

0
θ+θ=γ−= wuXXXH cpc

&  where X is the 
covered horizontal distance, 

0pX  is the coordinate of the point 
where the glide slope intersects the horizontal axis, −cH  the 
calculated flight altitude, while deg5.2−=γc  is the imposed 
slope angle during the first landing stage. The equation associated 
to the flare is ( ),/exp0 τ−= tHH c  with −τ  time constant. In 
(1) wu  is a stochastic process defined by means of the velocities’ 
spectrum; the velocities may be modeled using generator filters 
[9] with white noise input type. Here, the disturbances are the 
wind shears, their model being described by the equations [1]:  

( ) ( )[ ] ,/2,cos1,sin 0000 00
TtVVtVV vzvzvxvx π=ωω−−=ω−=  where 

0T  is the flight time period inside the wind shear, while 
0vxV  and 

0vzV  are the maximum absolute values of the wind velocities 
with respect to longitudinal and vertical axes, respectively. 

III. DESIGN OF THE AUTOMATIC LANDING SYSTEM BY USING 
THE DYNAMIC INVERSION AND THE H-INF CONTROL METHOD 

In this section of the paper, the automatic landing system is 
designed. It is based on the dynamic inversion principle and H-
inf method, a dynamic compensator being used in the design 
process of the component u  of the control law u. The automatic 
landing system is more appropriate for the cases when aircraft 
dynamics is strongly nonlinear. For the calculation of the 
command ,∞u  an optimal H-inf based procedure is used.  

A. Problem formulation 
Consider the vector [ ] x'CuHz T ==  that contains the 

system controllable output variables, while the vector 
[ ]TuHz =  contains the reference variables (the imposed 

values of the flight altitude and longitudinal velocity). The 

system output vector (y), in the absence of sensor errors, has the 
form: [ ] .xCquuHHy

T
=θ= &&  If the sensor errors are 

taken into account, the output vector is ,22eDCy += x  where e 
is the vector containing the sensor errors, while D22 is a positive 
defined matrix; the forms of the vector e and matrix D22 will be 
presented later. Having in mind the forms of the vectors x, u, 

,wu  and the matrices A, B, G - equations (2), it results: 
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Now, by using z  and the dynamic inversion principle, we 
calculate x  (the desired state of the system) and u  (the desired 
control) with respect to z  and, after that, the vector y  is 
obtained with the equations: .,, xxuxx CyCzBA =′=+=&  

The command law is calculated by using the formula [13]: 

  ,uuu += ∞  (4) 

where ∞u  is the optimal command calculated by means of the 
H-inf method, while the component u  is calculated by using the 
dynamic inversion. We present below the calculation of the two 
components of the control law. 

B. Design of the first component of the control law 
If the state equation (1), the equations of the variables 

,, 21 uzHz ==  and the equation eDCy 22+= x  are put 
together, the following equation is obtained: 
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[ ] [ ] [ ]0,0000001,0010000 10110 cDCC ===
[ ],0211 cD =  the matrix C has the form (3), 1c  and 2c  are 

positive constants, while 622 IkD ⋅=  is the weights’ matrix for 
the sensor errors’ vector: [ ] ;T

quuHH eeeeeee θ= &&  k is a 
small positive constant. 

The optimal control law has the form [13]: ( ),ˆ xxu −−= ∞∞ K  

;, 111111 DDRPBRK TT == ∞
+

∞  ∞K  is the controller gain matrix, 
while ∞u  minimizes the cost functional: 
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The symmetric and positive defined matrix 77×
∞ ∈RP  is the 

solution of the Riccati matriceal equation [6, 13]: 



  ( ) .01
2

1
1

1 =+μ−−+ ∞
−−

∞∞∞ QPGGBBRPAPPA TTT  (7) 

To obtain the system estimated state ( )x̂  and ,ˆˆ xxx −=Δ  

we use the observer [13]: ( ).ˆˆˆ xuxx Δ−Δ++Δ=Δ ∞ CyLBA&  The 
observer gain matrix 67×

∞ ∈RL  is calculated by using the 

formula:  ( ) ,
1

2222
* −
∞∞ = DDCPL TT  with −∞

*P  the solution of the 
Riccati matriceal equation [6, 13]: 

  ( ) .0*
1

2
2

*** =+μ−−+ ∞
−

∞∞∞
TTT GGPQCCPAPAP  (8) 

C. Design of the second component of the control law 
The calculation procedure of the control law’s second 

component ( u ) starts from the general equation associated to the 
aircraft linear or nonlinear dynamics: ( ) ( ),,, xuxx hzf ==&  
which is given by the hypothesis in [13]: 

      ( ) ( ) ( ) ;0,,0,0,
d
d,, ≠

∂
∂

==
∂
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===
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ux rir
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r
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r hrihh

t
hhhz  (9) 

equation (9) states that all the derivatives ( ) ( ) ( ),, i
i

i hhz == ux   
,,0 ri =  do not depend on u  (the control law’s first component), 

while ( ) ( ) ( )r
r

r hhz == ux ,  depends on ;u  r is the relative 
degree of the system. In this case, the vector containing the main 
controlled variables is [ ] ( ) ( )[ ] ;21

TT hhuHz xx==   also, 
( ) ( ) ( )[ ] [ ] ( ) ( ) ( )( )[ ] .2121

2121
TrrTTrrr hhuHzzz xx=== &&&&&  

Let ( )ux ˆ,ˆ
rh  be the best approximation of the function 

( );, uxrh  our aim is to design the pseudo-control control law: 

  ( )û,ˆ zhv r=  (10) 

which interferes in the expression of the component .u  The 
equations (9) and (10) are equivalent with: 

  ( ) ( );,ˆˆ,, 11 vzhvzh rr
−− == uu  (11) 

if ,ˆ
rr hh =  then, according to the equations (9) and (10), it 

results: ( ) ;v̂vz r ==  otherwise,  

  ( ) ,ˆ ε+= vz r   (12) 

where ( ) ( )uu ˆ,ˆ, zhzh rr −=ε  is the approximation error of the 
function rh  (the inversion error) which can be seen as a 
disturbance of the system. Equation (12) expresses the presence 
of r ideal integrators between the pseudo-control v and the output 
z. Imposing ( ) ( ),,,, rr zzzzzz →→→ K&&  the pseudo-control v 
may be chosen of the following form [13]: =ε+= vv ˆ   

( ) ,ˆ ε++= pd
r vz  where pdv̂  is the output of the dynamic 

compensator (used for the stabilization of the dynamics (12)). 
The linear subsystem (12), having the input ε+= vv ˆ  and the 
output z, has the transfer matrix ( ) ( ) ( )[ ] ,sss

21

T
ddd HHH =  

with ( ) ,2,1,s =iH
id  having the form: 

  ( ) .
sss

s
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b
H

λ+λ++λ+
= −

− K
 (13) 

Now, by using the notations: ( )[ ] == − TrzzzZ 1K&  

[ ] [ ] [ ] =λλλ=λ== i
TTT uuHHHzzzzz ,, 2122111 &&&&&&&&  

[ ] ,,1,10
T

irii, i−
λλλ= K  the subsystem (12) is written as: 

  ( ) ( ) [ ] .,ˆ 020100
TTr bbbvbZz =ε+=λ+  (14) 

Customizing the above equation for ( ) ( ),rr zz =  the error 
[ ]T

21 εε=ε  becomes [ ] ;00 T  for [ ] ,110
Tb =  we obtain 

[ ]Trrr vvvv
21

ˆˆˆˆ ==  and ( ) [ ] .ˆ 21

T
r

r uHHZzv &&&&&&& λ+=λ+=  For 
)3( 11 == rHz  and ( ),222 == ruz  the following transfer 

functions result: ( ) ( ) ( ) ,
s

s,
s

s 2
02

21
2

01
21

bH
s
bH dd =
λ+

=  this leading 

to null stationary errors ( ).0==== stststst uuHH &&  

The left side term in equation (14) has now the expression: 
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with ,,, 23525453532252515221525151 aaaaaaaaaaaaa ++′=′′+′=′′+′=′′  

,,,, 2151512257572156565454 ggggaagaaaa +′=′+′=′′+′=′′′=′′  
;225252 ggg +′=′  we have chosen .10121 ==λ b  

Introducing ( ) Zz Tr λ+ (the form is given in equation (15)) 
into equation (14) and identifying the terms of the pseudo-

control v̂  and ,ε  we get: 
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Ĥ  and û  are two of the seven components of the estimated 
state ,x̂  i.e. .ˆ,ˆ,ˆ,ˆ,ˆ,ˆ,ˆ

TeqwuH δδθ  Also, using now the Taylor 
series of the function ( ),,1 vzhr

−  we successively obtain: 



( ) ( ) ( )( ) ( ) ( ) =−=−⋅+== =
−−− vvvvvzh

v
vzhvzh vvrrr ˆˆ,

d
dˆ,ˆ, ˆ

111u  

( ) ( )( ) ε⋅+= −− vzh
v

vzh rr ˆ,ˆ
ˆd

dˆ,ˆ 11  and, replacing the controlled vector 

z  with its estimate ( ),ẑ  according to (11), it results: 

( )( ).ˆ,ˆˆ
ˆd

dˆ 1 vzh
v r

−ε+= uu  Now, replacing û  in the previous 

equation, we obtain the following control law: 
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The calculation method for u  differs from other methods by 
a greater degree of generality, applicability, and simplicity. 

IV. STRUCTURE OF THE NEW AUTOMATIC LANDING SYSTEM 
 The structure of the new automatic landing system, using a 
dynamic compensator, the dynamic inversion principle, and the 
H-inf method is presented in Fig. 1; it uses the two reference 
models in Fig. 2 (the three order reference model for H and the 
second order reference model for u). The vectors ( ) Zzv r

r λ+=ˆ  
and z  are provided by the two reference models, while the 
calculated aircraft altitude ( cH ) is obtained from the landing 
geometry equations:  ( ) ( )cpc XXH γ−= tan

0
 for glide slope and 

( )τ−= /exp0 tHH c  for the flare. The command v̂  is obtained 
using the output rv̂  of the reference models block and the output 

pdv̂  of the dynamic compensator; this signal ( )pdv̂  is obtained 

by using the vectors [ ] [ ] ,,
TT uHzuHz ==  the proportional 

coefficients ( ),,
21 pp kk  and the derivative coefficients ( )

21
, dd kk  

of the dynamic compensator. For the calculation of the 
coefficients ,,,,

2121 ddpp kkkk  we use the characteristic equations 
associated to the closed loop system (with negative unitary 
feedback) which has on its direct way the linear system with the 
transfer matrix ( )sdH  and the dynamic compensator (the 
command signal ∞u  is neglected); these equations are: 

( ) ;0ss,0sss
2211 021202

2
0101

2
21

3 =+λ++=++λ+ pdpd kbkbkbkb (18) 

choosing 1020121 ===λ bb  and ,012 =λ  the 4 coefficients of 
the dynamic compensator are determined such that the solutions 
of the equations (18) have negative real parts. The solutions of 
the equations (18) may be chosen as the poles of the transfer 
functions associated to the reference models. 

 The obtaining of the aircraft desired trajectory mainly 
involves the same two variables’ control: the forward speed (u) 
and the altitude (H); the ALS must also assure the conver-
gences: ( ) ( ).ˆ0ˆ,0,0 xxxxxx →→→Δ→Δ=→=→Δ zCyCyy   

V. NUMERICAL SIMULATION RESULTS 
To study the performances of the new obtained automatic 

landing system, we consider the landing of a Charlie-1 aircraft. 

Complex simulations in Matlab/Simulink environment have 
been performed; thus, we designed the optimal observer, the H-
inf controller, the dynamic compensator and, after that, we 
validated the proposed automatic landing system. The values of 
the coefficients for aircraft dynamics have been borrowed from 
[12, 13]: ,209.0,322.0,122.0,021.0 21141211 −=−==−= aaaa  

,412.0,164.0,017.0,21.2,53.0 3332312322 −=−===−= aaaaa  
,044.0,064.0,1,01.0,m/s70,1 2221121105452 −=−=====−= bbbbVaa

,m/s5,,s2,s3.0,544.0,378.0 003231 =====−= vxTe VVuTTbb  
.s10,m/s5 00 == TVvz  The sensor errors’ vector has been chosen 

as [ ] ,deg/s1deg1m/s0m1deg/s1m1 2 Te =  while, for 
the reference models, we have chosen: ,7.0,25 21 =ξ=ξ=p  

.rad/s221 =ω=ω  For first landing phase, we used the values: 
( ) ( ) ( ) .deg5.2,tan/,00,m4200

0
−=γγ−==== ccppp HXXHH

The initial value of the state vector has been chosen as: 
( ) [ ] .deg0deg1m420deg1grd/s2m/s1.7m/s710 T−−−=x

In order to obtain the proportional coefficients ( )
21

, pp kk  and the 
derivative coefficients ( )

21
, dd kk  of the dynamic compensator, the 

characteristic equations (18) are solved after replacing the 
complex number “s” with its desired values; we have chosen the 
set (-0.5, -1.2, -0.9) for the first characteristic equation and the 
set (-10, -1) for the second characteristic equation. 

 In Fig. 3 and Fig. 4 we represent the time characteristics for 
the glide slope landing phase and flare landing phase, 
respectively; the characteristics have been represented for the 
ALS affected by wind shears in the presence or in the absence of 
sensor errors (the sensors are used for the measurement of the 
states). The last four mini-graphics in Figs. 3 and 4 represent the 
deviations of the forward speed (u), sink rate ( ),H&  slope angle 
( ),γ  and altitude (H), with respect to their nominal values, i.e. 

.,,, HHHHuu c −γ−γ−− &&  The presence of the sensor errors 
is not visible: the curves with solid line (obtained for the ALS 
without sensor errors) overlap almost perfectly over the curves 
plotted with dashed line (obtained for the ALS with sensor 
errors). The time origin for the flare trajectory is chosen zero 
when the altitude is H=H0=30 m (the altitude at which the glide 
slope phase ends). From last graphics in Figs. 3 and 4, we can 
see that the final error between the desired path and the actual 
path is less than 0.3 m during the glide slope phase and 0 for 
flare. These errors are very good if we analyze the Federal 
Aviation Administration (FAA) accuracy requirements for 
Category III (the best category); according to FAA Category III 
accuracy requirements, the vertical error (altitude deviation with 
respect to its nominal value) must be less than 0.5 m, while the 
final altitude at the end of flare must be 0 m. The reason that our 
design meets the requirement and achieves the design goal is that 
we used the H-inf robust control technique. 

 The problem of landing has also been discussed in other 
papers, different types of ALSs being designed [9, 10, 12-15]. If 
we make a brief comparison between our ALS and the ones 
based on an Instrumental Landing System or conventional/fuzzy 
control of flight altitude by using the system’s state [12], we 
remark that from the system transient regime period and 
overshoot point of view, the ALS based on H-inf technique and  
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Fig. 1. New automatic landing system, using dynamic inversion and H-inf method 
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Fig. 2. Block diagrams of the three order and second order reference models, respectively: a) simplified block diagram; b) detailed block diagram 
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Fig. 3. Time characteristics for the glide slope phase 
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Fig. 4. Time characteristics for the flare phase 

dynamic inversion works slightly better. Improvement of the 
performance was obtained by replacing the conventional 
controllers with fuzzy ones [14], but those ALSs cannot be used 
for strongly nonlinear dynamics. Our new ALS uses the H-inf 
technique, this having the advantage of applicability to problems 
involving multivariate systems with cross-coupling between 
channels; the only disadvantage is related to the non-linear 
constraints such as saturation that are generally not well-handled.  

VI. CONCLUSION 
The ALS designed in this paper represents an improved 

version of the one in [1] differing from other similar automatic 
landing systems from the specialty literature; our new ALS is 
designed for the control of landing in the longitudinal plane but, 
with some changes, it can be applied to the lateral-directional 
motion of the aircraft during landing or other flight trajectories. 
Our new ALS has some additional elements with respect to the 
one presented in [1]: an optimal observer, two reference models 
providing the desired altitude and velocity, and a dynamic 
compensator which provides one of the control law components. 
The simulation results are promising and show the robustness of 
the designed control system even in the presence of wind shears 
and sensor errors; moreover, the very good errors meet the FAA 
accuracy requirements for Category III. On the other hand, the 
designed control law has the ability to reject the measurement 
noise from sensors and wind shears having low intensity. 
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