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Abstract— In this paper a neural network observer for 
nonlinear systems is presented. The proposed neuro-
observer is a three-layer feedforward neural network (NN), 
trained by means of the error backpropagation learning 
algorithm; according to this algorithm, the neural network 
training process becomes a nonlinear function optimization 
problem. The weights and the biases are permanently modi-
fied in order to minimize the mean squared error between 
the actual outputs and the NN desired outputs in a gradient 
descent manner. The good results of the neural networks are 
due to their capacity of nonlinear functions’ approximation. 
The observer also includes a correction term which guaran-
tees the good tracking as well as bounded neural network 
weights. The neural network is used to parameterize the 
nonlinearities of the system. The validation of the proposed 
observer scheme is made through Matlab/Simulink numeri-
cal simulation to reconstruct the unavailable state variables 
of a big attack aircraft longitudinal motion. In fact, the mo-
tion of the aircrafts with big attack angle is a nonlinear and 
complex system, which makes difficult the design and the 
implementation of efficient control and observation laws. It 
will be shown that all the components of the error vector 
tend to zero, this fact proving both the proper functioning of 
the NN and the very good estimation of the state variables. 

I. INTRODUCTION 
The state estimation problem is widely presented in 

many scientific papers. In most cases only the input (in-
puts) and the output (outputs) of a system are measurable 
and, therefore, the estimation of the variables plays an 
important role in the control process [1], [2]. In the recent 
years many nonlinear observers have been designed; we 
can mention here the high-gain observers, sliding mode 
observers [3], [4], [5], and so on. These are complex ob-
servers and they can be used when the system structure is 
known. That is why the neural networks may be success-
fully used in the control of the dynamic systems [6], [7], 
[8]. The good results of the neural networks are due to 
their capacity of nonlinear functions’ approximation [9], 
[10]. Most systems are nonlinear and it’s difficult to 
design a controller or observer; so far many linearization 
techniques have been used to overcome these drawbacks. 
Linearization generally limits the controller performances 
and the observer design. In such cases, one uses the neural 
networks to approximate the nonlinear functions [11]. 

Several schemes based on Lyapunov theory have been 
proposed in the literature. For example, in [12] a neural 
network controller is derived using a filtered error passiv-
ity approach leading to new NN passivity properties. By 
using the Lyapunov theory and a tuning algorithm, includ-
ing a correction term to backpropagation, the stability of 
the neural network controller is guaranteed [11]. Some 

specific bounds are determined in [13] and the tracking 
error bound can be made arbitrarily small by increasing a 
certain feedback gain [11]. The correction terms involve a 
second-order forward-propagated wave in the back-
propagation network. In order to tackle more general 
nonlinear systems, [14] extend the previous result and two 
linearly parameterized neural networks are used to capture 
the unknown dynamic of the system, the weights of the 
NN being adjusted by means of adaptation laws in order 
to obtain the stability of the overall scheme [11]. In the 
next sections of the paper the neural network observer for 
nonlinear systems, designed in [11], is used to estimate the 
state of an aircrafts with big attack angle. The neural net-
work observer (neuro-observer) consists, as its main part, 
of a feedforward neural network with three layers of neu-
rons; the NN is trained with the error backpropagation 
learning algorithm by using a correction term which guar-
antees the good training of the neural network. The stabil-
ity of the neural network observer may be studied by 
means of the direct Lyapunov method. 

The paper is organized as follows: the architecture of 
the artificial neural network, necessary to the observer 
design, is given in section II; the design of the neural net-
work observer is presented in section III; in section IV we 
validate this observer by means of complex numerical 
simulations for the case of an aircraft with big attack an-
gle. Finally, some conclusions are shared in section V. 

II. ARHITECTURE OF THE ARTIFICIAL NEURAL NETWORK 
The neural network of the observer is chosen as 

feedforward NN with three layers of neurons (a single 
hidden layer NN). Each input neuron is connected, via a 
weight, with all the neurons from the hidden layer, while 
each hidden layer neuron is connected with the output 
neurons by means by a weight. Thus, the output of the 
neuron j  from the hidden layer is [11]: 

 ( )jj za σ=  (1) 

with  

 ;∑ µ+=
i

jijij xvz  (2) 

jiv  is the weight between the input neuron i  and the neu-
ron j  in the hidden layer, −µ j  the bias for the neuron 
j  from the hidden layer, while ( )⋅σ  is the activation 

function of the hidden layer neurons (sigmoid function) 

  ( ) ;
1

1
jzj

e
z

−+
=σ  (3) 
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The output of the neuron k  from the output layer is:  

 ∑=
j

jkjk awy ;  (4) 

kjw  is the weight between the neuron j  in the hidden 
layer and the output neuron .k  If the neural network has 
n  input neurons (pseudo-neurons), s  neurons in the hid-
den layer, and m  output neurons, the equation associated 
to the neural network may be written under a matriceal 
form considering the vector of the inputs 

[ ],21 n
T xxxx L=  the vector of the outputs 

[ ],21 m
T yyyy L=  and the matrices of the weights 

and biases [ ] [ ] [ ].,, 21 sjikj
T vVwW µµµ=µ== L  The 

vector of biases µ  may be included, as the first column, 
into the matrix .V  Thus, nsms RVRW ×× ∈∈ ,  and the 
output y  of the NN has the form [11]: 

 ( ).xVWy TTσ=  (5) 

For the training of the neural network there are some 
algorithms in the specialty literature; the most used algo-
rithm is the error backpropagation learning algorithm [15]. 
According to this algorithm, the neural network training 
process becomes a nonlinear function optimization prob-
lem. The weights and the biases are permanently modified 
in order to minimize the mean squared error between the 
actual outputs and the NN desired outputs in a gradient 
descent manner [7]. 

III. THE DESIGN OF THE OBSERVER 
In this section we present the design of the neuro-

observer for the state estimation of the nonlinear systems; 
the observer has a neural network which is used for the 
estimation of the unknown nonlinear function which inter-
feres in the system dynamics. We consider the system 
[11], [16]: 

 ( ) ( ) ( )
( ) ( )




=
+=
;

,,
tCxty

uxgtAxtx&  (6) 

( ) nRtx ∈  is the state vector, ( ) −∈ umRtu  the vector of 
inputs, ( ) −∈ ymRty  the vector of outputs, ( ) −uxg ,  un-
known nonlinear function. The matrix A  is Hurwitz, 
while the pair ( )CA,  must be observable in order to de-
sign the observer. 

u ( )uxgAx ,+
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+ĝ

x

x̂

u

ye

N.N.
ŷ

 

Fig. 1.  Block diagram of the ensemble system – neuro-observer 

We design the observer described by equations [11]: 

 ( ) ( ) ( ) ( )
( ) ( )





=
−++=

,ˆˆ
,ˆ,ˆˆˆˆ

txCty
yyLuxgtxAtx&  (7) 

where x̂  is the observer state and −ŷ  the output of the 
observer for the nonlinear system. The gain matrix L  of 
the state observer is chosen so that ( )LCA −  is a Hurwitz 
matrix [11]. The block diagram of the ensemble system – 
neural network observer is presented in fig.1. 

As one can see in fig.1 the neural network is used for 
the estimation of the unknown nonlinear function .g  The 
main use of the NNs is the approximation of the functions 
[17]. Thus, considering the function ( ) ,: mn RRx →γ  in 
[18] one has shown that, for a sufficient number of neu-
rons in the hidden layer ( ) ,s  there exist the weights and 
the biases so that any function, continuous on a compact 
set, may be expressed as following [1]:  

 ( ) ( ) ( ) ,xVxWx ε+σ=γ  (8) 

where ( )xε  is the approximation error of the nonlinear 
function; ( ) .Nx ε≤ε  Moreover, for ,0>ε N  one can 
find a neural network so that ( ) ( ) xx N ∀ε≤ε  [12], [18].  
We suppose that the weights W  and V  are bounded by 
known values so that MWW ≤  and MVV ≤  [12], 
[13]. Thus, the function ( )uxg ,  from the first equation (6) 
may be approximated by a neural network having the 
weights W  and  V  [11]: 

 ( ) ( ) ( ) ,, xVzWuxg ε+σ=  (9) 

where [ ]uxz =  and ( ) ( ) ( ) .,ˆˆ, uxguxgx −=ε  The esti-
mation ( )uxg ,ˆˆ  of the function ( )uxg ,  is written: 

 ( ) ( ),ˆˆˆ,ˆˆ zVWuxg σ=  (10) 

with [ ].ˆˆ uxz =  Thus, the equations (7) of the neural net-
work observer become: 

 ( ) ( ) ( ) ( )
( ) ( )





=
−+σ+=

.ˆˆ
,ˆˆˆˆˆˆ

txCty
yyLzVWtxAtx&  (11) 

We define the errors: 

  WWeyyexxe Wyx
ˆ,ˆ,ˆ −=−=−=  (12) 

and, by using equations (6), (9), and (11), it results [11]: 

 ( ) ( ) ,ˆˆ tzVeGee Wxx ξ+σ+=&  (13) 

with  

 
( ) ( ) ( )[ ] ( ) ;ˆˆ

,

xzVVzWt

LCAG

ε+σ−σ=ξ

−=
 (14) 

( )tξ  is a bounded disturbance term; ( ) constant=ξ≤ξ t  
because the sigmoid function and the weights W  and V  
are bounded [14]. Accordingly, we obtain: 

 ( ) ( ) ( ) ( )
( ) ( )





=
ξ+σ+=

.
,ˆˆ

tCete
tzVetGete

xy

Wxx

&

&
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For the training of the NN we need a learning rule 
which guarantees the stability of the observer. Moreover, 
the weights update methodology, by using the standard 
Lyapunov technique, is based on the error back-
propagation learning algorithm where some new terms 
have been added for the stability of the observer and of the 
errors associated to the NN weights [11]. The weights 
update is presented in [4], some modifications regarding 
the NN weights’ differential equations being made in [11]. 
The correction terms have been borrowed from [18]. As a 
consequence, in [11], the following differential equations 
for the calculation of  Ŵ  and V̂  have been obtained [11]: 

 
( )

( ) ( )( )[ ]





−σ−σ=

−σ=

,ˆˆˆˆ1ˆˆˆˆ

,ˆˆˆˆ

VFekzFezVzVWV

WSekzVSeW

x
T

x

T

x
T

x

&

&

 (16) 

where the symmetric and positive definite matrices S  and 
F  ( )0,0 >=>= TT FFSS  have the expressions: 

 
;

,

2

1

CCGF
CCGS

TT

TT

−

−

η−=

η−=
 (17) 

0, 21 >ηη  are the learning rates of the neural network, 
while k  is a small positive constant.  

 The use of the matrices S  and F  in equations (16) al-
lows the simplification of the observer stability study. 
Lyapunov’s direct method is used in order to ensuring the 
stability of the proposed non-conventional observer and of 
the NN weight errors. This study is widely presented in 
[11] and we will not insist on it. 

IV. THE USE OF THE OBSERVER TO THE LONGITUDINAL 
MOTION OF THE AIRCRAFT WITH BIG ATTACK ANGLE 
The validation of the above presented neuro-observer, 

for the state estimation of a nonlinear system, is made in 
this section for the case of longitudinal motion of an air-
craft with big attack angle. The longitudinal motion of the 
aircrafts with big attack angle is a nonlinear and complex 
system, which makes difficult the design and implementa-
tion of efficient control and observation laws. Thus, the 
dynamics of the longitudinal motion, generally unstable, 
of such an aircraft is described in [19] and [20] by the 
state equation:  

 ( ) ,BuxAfx +=&  (18) 

where 
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V  is the aircraft velocity, −α  the aircraft attack angle, 
−q  the aircraft pitch angular rate, −pc  the lift coeffi-

cient, −mC  pitch moment coefficient, the symbol ∆  is 
associated with the perturbation of the variables from their 
nominal values, and eu δ=  is the elevator deflection, 
while the matrices A  and B  have the forms: 

[ ].
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0000000000
00000000000
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The above dynamic model is equivalent with the fol-
lowing one: 

 [ ] ,V,
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T

mpe Ccqxu

uxgAxx

∆∆∆α∆∆=δ=

+=&
 (20) 
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The validation of the algorithm is performed in 
Matlab/Simulink environment. Thus, we elaborated the 
Simulink model in fig.2. Here two subsystems may be 
observed: Block forming g (the subsystem for the obtain-
ing of the vector g by using the state vector x  and the 
vector of the inputs u - equation (21)) – fig.3 and Neural 
network (the subsystem used for the approximation of the 
nonlinear function ;g  this subsystem has three inputs: x̂  
(xc), u  (u) and xe (e_x) and only one output ĝ  (gc)) – 
fig.4. The subsystem Neural network has a subsystem, too 
– NN Weights Update (fig.5). It calculates the weights Ŵ  
and V̂  (Wc and Vc) by using, according to equations 
(16), the signals ẑ  (zc), xe (e_x), and the matrices 

., FS The neural network has the following structure: 
feedforward NN with 3 layers (the input layer has 6 neu-
rons, the hidden layer has 5 neurons, while the output 
layer has only one neuron). The activation function, used 
for the neuron in the output layer, is the sigmoid function 
(equation (3)). The weights Ŵ  and V̂  are iteratively up-
dated; at the end of the training process, we obtain: 

[ ]

;

0.155-1.2830.5680.688-0.827-0.135-
0.019-0.7071.431-1.6120.095-2.168
1.191-0.8091.579-0.7070.0580.581-

1.1750.681.2371.318-1.0520.716
0.6510.387-0.8360.2840.110.179-

ˆ

,0.1730.3250.035-1.1731.162ˆ
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the first column of the matrix V̂  is the vector of the biases 
for the neurons in the hidden layer. The neural network of 
the observer estimates the nonlinear function ( ) ,, uxg  
and, after that, the neuro-observer estimates the state vec-
tor .x  

In fig.7 we present the time evolution of the 5 state 
variables ( )5,1, =ixi  and of the 5 estimated state variables 

( ).5,1,ˆ =ixi  Time evolutions of the 5 components of the 
error ( )xxex ˆ−=  are presented in fig.6. All the 5 com-
ponents ,5,1, =ie

ix  tend to zero very quickly, this fact 
proving both the proper functioning of the neural network 
(estimation of the nonlinear function) and the very good 
estimation of the state variables (figs.6 and 7). 

 

Fig. 2.  Matlab/Simulink model of the ensemble system-neural network observer 

 

Fig. 3.  Matlab/Simulink model of the subsystem “Block forming g” 

 

Fig. 4.  Matlab/Simulink model of the subsystem “Neural network” 
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Fig 5.  Matlab/Simulink model of the subsystem “NN Weights Update” 
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Fig. 6.  The five components of the estimation error 
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Fig. 7.  The state variables ( )ix  and the estimated state variables ( )ix̂  

V. CONCLUSION 
This paper deals with the study of a neural network ob-

server for nonlinear systems. The proposed neuro-
observer is a three-layer feedforward neural network, 
trained by means of the error backpropagation learning 

algorithm. The neural network, adopting a sigmoid activa-
tion function, is used to parameterize the nonlinearities of 
the system. The neural networks may be successfully used 
in the control of the dynamic systems. The good results of 
the neural networks are due to their capacity of nonlinear 
functions’ approximation. Most systems are nonlinear and 
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it is difficult to design a controller or an observer; so far 
the linearization techniques have been used to overcome 
these drawbacks. The linearization technique limits the 
performances of the controller and the observer design. In 
such cases, one uses the neural networks to approximate 
the nonlinear functions. 

The validation of the proposed state observer scheme is 
made through Matlab/Simulink numerical simulation to 
reconstruct the unavailable state variables of a big attack 
aircraft longitudinal motion. All the components of the 
error vector tend to zero very quickly, this fact proving 
both the proper functioning of the neural network and the 
very good estimation of the state variables.  
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