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Abstract— This paper approaches the adaptive control of 
an aircraft longitudinal motion by using the dynamic inver-
sion principle, the parametric estimation, and the linear dy-
namic compensation. The control law has two components: 
the former is provided by a linear dynamic compensator, 
with the state tracking error as input; the latter is an adap-
tive component which represents the change rate of the esti-
mated state vector deviation with respect to the desired one 
and the change rate of the variance between the system esti-
mated output and the desired one, respectively. The obtained 
adaptive control structures consist of parametric estimators, 
dynamic compensators and command filters. The estimated 
state and the estimated output are calculated with respect to 
the estimated vector of the aircraft parameters. The obtained 
control system is particularized for the adaptive control of 
the pitch angular rate and the pitch angle, respectively, in the 
case of an F-15 aircraft whose flight may be affected or not 
by wind shears. The theoretical results are validated by 
numerical simulations in the absence or in the presence of 
wind shears by using complex Matlab/Simulink models; the 
states and the command variables history for the designed 
optimal control systems are plotted and the functionality of 
the two systems is proved. 

I INTRODUCTION 
The authors approach the adaptive control problem us-

ing the nonlinear and linear aircraft model of the longitu-
dinal motion. The control law has two components: the 
former is provided by a linear dynamic compensator, with 
state tracking error as input; the latter is an adaptive com-
ponent representing the change rate of the estimated state 
vector deviation with respect to the desired one and the 
change rate of the variance between the system estimated 
output and the desired one, respectively. The estimated 
state and the estimated output are calculated with respect 
to the estimated vector of the aircraft parameters.  

The pseudo-command depends on the relative degree of 
the controlled state variable. Choosing as the controlled 
state variable the pitch angular velocity, the relative de-
gree is 1 and, therefore, the command filter (the reference 
model) is a first order subsystem. If the controlled state 
variable is the pitch angle, the relative degree is 2 and the 
command filter is a second order subsystem. The system 
has, as disturbances, the longitudinal wind velocities. 

The longitudinal motion of an F-15 aircraft flying at 
m6000 altitude, having velocity ,m/s1000 =V  is 

studied. For the linear model of the longitudinal motion, 
Simulink models are obtained and the system time 
characteristics are plotted; these characteristics are: the 
time history of the pitch angular rate, pitch angle, and the 
time history of the command variables, with or without 
the wind shears. Making a review of these time 
characteristics, we will remark that the wind shears have 
an insignificant influence upon the aircraft longitudinal 
dynamics. 

II ADAPTIVE CONTROL SYSTEM BASED ON THE DYNAMIC 
INVERSION PRINCIPLE 

Generally, the systems’ dynamics is modeled by a       
differential equations’ system, whose parameters are    
approximately known because their evolution is affected 
by known and unknown errors. The component of the 
adaptive control law is calculated such that the deviation 
of estimated parameters’ vector ( ),ϑ̂   with respect to the 
real one ( ) ,ϑ  is compensated. We consider the system 
described by the state equation: 

 ( )vxtfx ,,, Γ=&  (1) 

or  

 ( ) ( ) ,,,,,, vxtvtxx Γ∆++ϑΓϕ=&  (2)
where x  is the state vector, −Γ  the external distur-
bances vector, −∆  all disturbances’ vector, −v  the con-
trol law, while v  is: 

 as vvv +=  (3) 

with −sv  the linear dynamic compensation component, 
and −av  the adaptive component. These laws can be 
chosen by the next forms: 

 ,Kevs =  (4) 

 ( ) ;ˆ,, ϑΓϕ−= xtxv ra &  (5) 

K  is, in general, the gain matrix, −e  the error vector of 
the automatic control system, 

 ,xxe r −=  (6) 

rx  is the desired state vector, and ϑ̂  is the estimation of 
the vector .ϑ  The adaptive component av  makes the dy-
namic inversion of the resulted system i.e. [2]: 

 ( ) ,,,ˆ 1 Γ= − xtfva &  (7) 

where f̂  is the approximation of the function ,f  such 
that, in steady regime, we get: 

 xxxv ra
&&& ˆ,0 →→→  (8) 

and 

 ,0ˆ~
→ϑ−ϑ=ϑ  (9) 

respectively. 
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The estimated vector ϑ̂  verifies the equation [1]: 

 ( ) ,,,ˆ ext TΓγϕ=ϑ
&  (10) 

where γ  is a positive defined matrix. 
Combining the last two equations, we obtain an auto-

matic adaptive control system, which is modeled by the 
block diagram in Fig. 1. Here, k  is 1 or 0. 
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Fig. 1 Nonlinear adaptive control system based on dynamic inversion principle, with linear dynamic compensator 

Theorem IV from [1] proves that equation (10) provides 
the Lyapunov stability of the system in Fig. 1 and the 
convergence toward zero of the system error )0( →e . 
Thus, the Lyapunov function ( ) )0( >tV  is chosen as: 

 ( ) .~~
2
1

2
1 1ϑγϑ+= −TT eetV  (11) 

The asymptotic stability condition ( ) )0( <tV&  is ful-
filled as follows: by derivation of ( )tV  and taking into 
account the equation (2), it successively results: 

 ( ) ,~~ 1ϑγϑ+= − &&& TT eetV  (12) 

with e&  having the form: 

 ϑϕ+ϕ+−ϕϑ−=−= ˆeKexxe r&  (13) 

or 

 .~
ϑϕ−=+ Kee&  (14) 

Thus, replacing (14) in (12), we obtain: 

 ( ) .0<−= KeetV T  (15) 

Now, let us consider the case of the aircraft motion   
linearized model (for example the aircrafts’ longitudinal 
motion) described by the state equations [4]: 

 ,vvp VBBAxx +δ+=&  (16) 

 ,Cxy =  (17) 

where  x  is the system state vector, while −y  the system 
output vector; these have the following forms: 

    [ ]
[ ];00100

,,

=

ω=θωα=

C

yHVx y
T

yx  (18) 

xV  is the aircraft longitudinal velocity, −α  the attack 
angle, −ω y  the pitch angular rate,  −θ  the pitch angle, 

−H  the aircraft flight altitude, −δ  the command vector, 

[ ] ,T
Tp δδ=δ  with −pδ  the rudder deflection, −δT  the 

engine command, while −vV  the perturbation vector 
(wind speed), [ ]Tvzvxv VVV = .  By using (17) we get: 

 ,yCyCx ω== ++  (19) 

where +C  is the pseudo-inverse of the matrix .C  By 
means of  (19), the equation (16) becomes: 

( ) ( )
( ) ( ) .vvy

vvyvv

VBBCAxCB

VBCAxCCBVBAxxB
++

++++

−−ω=

−−ω=−−=δ

&

&&
 (20) 

Because we want yω&  to have the same value with its 
desired value (the calculated value ycω ), we obtain the 
command law: 

     ( ) ( ) ( ) ;vvycp VBBTCAxCBTT +++ −−ω=δ=δ &  (21) 

it expresses the longitudinal dynamic inverse model of the 
aircraft. If the components vxV  and vzV  can be measured, 
in the command law we can introduce the component 

vvVBB +  as a negative feedback; thus, .rry ω≅ω≅ω  In 
reality, it is difficult to measure these disturbances, and, 
that is why, in the command law (21) the component 

vvVBB +  is missing; therefore, .
0rry ω→ω→ω  The 

pseudo-command is [3]: 

 ( ) ,vy r
c =  (22) 

where r  represents the relative degree of the resulted sys-
tem with respect to the output, and the command filter 
(reference model) relative degree, respectively; for the 
longitudinal motion (with yy ω= ), it results .1=r  
Thus, 

 .vy ycc =ω= &&  (23) 

The command vector of the aircraft longitudinal motion 
is expressing as follows: 

 [ ] .10, T
p TT =δ=δ  (24) 
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Fig. 2 Linear adaptive system based on dynamic inversion principle (with linear dynamic compensator) for the pitch angular rate control 
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Fig. 3 Linear adaptive system based on dynamic inversion principle (with linear dynamic compensator) for the pitch angle control 

Linear adaptive control system based on the dynamic 
inversion principle is presented in Fig. 2. For the adaptive 
control of the pitch angle, we use a similar structure – the 
one in Fig. 3. In this case, the pseudo-inverse has the form 
(23), with ccy θ=  and .2=r  The command filter is a 
second order filter, while the dynamic compensator is 
proportional - derivative type.  

III SIMULATION RESULTS 
Let us consider the linear model of an aircraft F-15   

longitudinal motion, which flies at the altitude 
m6000=H  with the speed .m/s1000 =V   

The system matrices ,, BA and vB  are [1]: 

.

/
/
/
/
/

,

00
00
9799.59799.5
0688.00688.0
0811.00811.0

,

05803.1305803.130017.0
00100
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0001.05601.000365.00112.0
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    (25) 

The elements from first column of matrix vB  are the 
same elements of the matrix A  but with changed sign, 
and the second column of matrix vB  is the second of ma-
trix A divided by ( ).0V−   

For the control system in Fig. 2, with initial state 
( ) [ ]Txx 6000201710000 ==  and [ ] ,00100 T=ϕ   

.deg/s1,s1.0,1 =ω=τ== yrcc ba  

In Matlab environment, we built the Matlab/Simulink 
model in Fig. 3. The subsystem that models the wind 
shears is described by the equations from [6]: 

      ,2cos1,2sin
0

0
0

0 
















 π
−−=

π
−= t

T
VVt

T
VV vzvzvxvx  (26) 

with −0T  the time period when the aircraft is affected by 
the wind shears, .m/s7,m/s15 00 == vzvx VV   

By using the Matlab/Simulink model in Fig. 4, the 
states and the command variables history for the designed 
optimal control system is plotted (Fig. 5).  

For the system in Fig. 3 the following values have been 
chosen: [ ] [ ] [ ] ,00100,deg25,10,1/s10 T

rdp kk =ϕ=θ==   

( ) [ ] ;6000201710000
Txx ==  by using the Matlab/ 

Simulink model in Fig. 6 we obtained the time history in 
Fig. 7. 
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Fig. 4 Matlab/Simulink model of the system from Fig. 2. 
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Fig. 5 Time characteristics of the system from Fig. 2.  

 
Fig. 6 Matlab/Simulink model of the system from Fig. 3. 
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Fig. 7 Time characteristics of the system from Fig. 3 

IV CONCLUSION 
An adaptive law for the control of an aircraft longitudi-

nal motion is designed by using the dynamic inversion 
principle, the parametric estimation, and the linear dy-
namic compensation. The obtained control system is par-
ticularized for the adaptive control of the pitch angular 
rate and the pitch angle, respectively, in the case of an F-
15 aircraft whose flight may be or may be not affected by 
wind shears. 
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