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Abstract— This paper presents an automatic system for the 
optimal control of helicopters motion. In order to control 
the linear velocities and the yaw angular rate we introduce 4 
supplementary states as the outputs of ideal integrators; 
these integrates the deviations of the 4 variables (the linear 
velocities and of the yaw angular rate) from their desired 
values. To achieve the control, we calculate the gain matrix 
of the system by concatenation of two matrices: the former 
is associated to the initial state vector of the system, while 
the latter corresponds to the supplementary states of the 
system; the gain matrix of the optimal system will be calcu-
lated with respect to the solution of a Riccati algebraic equa-
tion. The theoretical results are validated by numerical 
simulations in the absence or in the presence of wind shears 
by using complex Matlab/Simulink models and a helicopter 
motion liniarized model; an optimal control system is de-
signed by using a cost function. The system state has 4 sup-
plementary states in order to control the linear velocities 
corresponding to the three axes of the body frame and the 
roll angular rate. The states and command variables history 
for the designed optimal control system are plotted and the 
system functionality is proved. 

I. HELICOPTER LINEARIZED DYNAMICS 
In the first part of the paper a linearized model of the 

helicopter motion is presented, pointing the state and 
command variables; the atmospheric disturbances are con-
sidered to be the wind shears. Then, an optimal control 
law is designed by means of a cost function. Using the 

Matlab environment, the states and command variables 
history for the designed optimal control system is plotted.  

Helicopter dynamics is described by the state equation: 

 ,vvVBBuAxx ++=&  (1) 

where x  is the state vector and −u  the command vector, 
and −vV  the disturbances vector (wind shears vector); 
these vectors have the following forms: 
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The chosen body frame (orthogonal coordinates sys-
tem) has the following three axes: −OX  the longitudinal 
axis, −OY  the lateral axis oriented to the right plane, 

−OZ  the axis perpendicular on the )(OXY  plane and 
downward oriented. In equation (2) θ  is the helicopter 
pitch angle, −ϕ  the helicopter roll angle, −δ p  the longi-
tudinal flapping angle, ϕδ  the lateral flapping angle, 

−δ≡δ zzc  the cyclic input, −δ pc  the longitudinal con-
trol of the main rotor, −δϕc  the lateral control of the 
main rotor, −δ≡δ ddc  the tail rotor control. The forms 
of matrices A and B have been borrowed from [1], while 

vB  has the form in [2]: 
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10,111 ... aa  are the first line elements of the matrix A  and 

10,991 ... aa  are the ninth line elements of the matrix .A   

For the wind shears modeling we use the equations [3]: 
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with −0T  the flight time period inside the wind shear; the 
aircraft faces head wind and rear wind combined with 
vertical wind. 

II. OPTIMAL CONTROL OF THE HELICOPTER 
We build a new state [1]: 

 [ ] [ ] ,, 22211211
TT eeeeeex ==ξ &  (5) 

(3)
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where ,,, 211211 eee  and 22e  are the tracking errors for the 

longitudinal velocity xV , lift velocity H& , lateral velocity 

,yV  and angular rate zω , respectively (Fig. 1).  
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Fig. 1. The block diagram of the automatic system for the control of the variables zyx HVV ω,,, & . 

The equation of the new state is now: 

 .vBA +ξ=ξ&  (6) 

In order to calculate the matrices A  and ,B  by using 
the time derivative of equation (1), equation (5), and con-
sidering ,0=vV  we obtain: 
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where eA  is calculated below; in order to cancel the errors 
in Fig.1 we added four ideal integrators; 

  [ ] ,000000000111 xVVVe xxx &&&&& −=−=−−=  (8)  
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Having in mind the above equations, we get: 
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The equation (7) can be written as following: 
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or 

 ,, uvvBA && =+ξ=ξ  (14) 

where 
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 The optimal control law can be written under one of the 
following forms [4]: 

 [ ][ ] ,2121 eKxKexKKKvu T −−==ξ−== &&&  (16) 

or 
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with 
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The gain matrix K  is: 

 ,1 PBRK T−−=  (19) 

with −P  the solution of Riccati algebraic equation: 

 ;01 =−++ − PBRBPQAPPA TT  (20) 
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R  and Q  are the desired weight matrices for which the 
cost function: 

 ( ) ,dt
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has the minimum value. 

III. SIMULATION RESULTS 
The helicopter motion is studied, considering that the 

initial state is [ ]Tx 2.0000174.005.00000 =  

and .m/s5,deg/s0,m/s0,m/s10 ==ω== HVV zyx
&  The 

matrices A and B are from [5, 6]: 
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The Matlab/Simulink model for the system, without 

wind shears ( )0=vV , in Fig.1 is presented in Fig.2, while  
 
 

the Simulink model for the system with wind shears in 
Fig. 1, characterized by ,m/s0,m/s10 00 == yx VV  

deg10,m/s5,deg/s0 000 =θ==ω Hz
&  is presented in 

Fig. 3. 

 
Fig. 2. Matlab/Simulink model of the system in Fig.1 without wind shears 

In equation (20) the positive define matrices Q  and R  
have the following forms: ,, 414 IRIQ == respectively; 
the matrices ,, 21 KK  and P  are obtained by solving the 
equation (20) in Matlab environment. We obtained: 
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The system time characteristics are presented in Fig. 4 
(time characteristics of the system in Fig.1 without wind 

shears) and in Fig. 5 (time characteristics of the system in 
Fig.1 with wind shears), respectively. 
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Fig. 3. Matlab/Simulink model of the system in Fig.1 with wind shears. 
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Fig. 4. Time characteristics of the system in Fig.1 without wind shears. 
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Fig. 5. Time characteristics of the system in Fig.1 with wind shears 

IV. CONCLUSION 
Using a helicopter motion liniarized model, an optimal 

control system is designed by using a cost function. The 
system state has 4 supplementary states in order to control 
the linear velocities corresponding to the three axes of the 
body frame and the roll angular rate. By means of the sys-
tem Matlab/Simulink models, with and without consider-
ing the wind shears, the optimal control system dynamic 
characteristics are built.  
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