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The use of the hierarchical structured dynamic
inversion to the aircrafts longitudinal movement

Romulus Lungu, Saurabh Kwatra, Mihai Lungu, Lucian Grigorie

Abstract— The paper presents a methodology for the flight
control law’s design for the trajectory pursuit using
hierarchical dynamic inversion; this is based on separation of
multi-time-scale and multi-loop closing method. It greatly
simplifies the flight control design compared with PID
conventional approaches. The used dynamic equations are
classified into 4 groups according to the stairs of time
measuring from the physical point of view [1]; each group of
variables is controlled by the group of faster neighboring vari-
ables. The authors made the analysis of the longitudinal move-
ment of aircrafts and obtained graphic characteristics which
demonstrate the effectiveness of the proposed method.

Keywords— aircraft, control law, hierarchical dynamic in-
version, longitudinal movement.

1. INTRODUCTION

NE knows that it is difficult to stabilize and control an

aircraft using constant gain controllers because the
aircraft’s dynamics vary with the considerable modification of
the dynamic pressure and Mach number. That’s why a very
good method for solve this problem is the determination of the
gains of the control system. This is a simple and direct
methodology for the design of flight control systems. The
technique of the gains’ determination is the most important
thing today in the area of flight control’s design [2], [3].

The technique of gains’ determination depends on the
designer’s experience and on his engineering art. Variables’
separation on two time scales combined with the theory of
singular perturbation have been subject of research, the
attitude being taken as slow variable while angular velocities
as fast variables. The slow variables are controlled by the fast
ones, which, in turn, are controlled by aerodynamic command
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surfaces.

II. FORMULATION OF HIERARCHICAL DYNAMIC INVERSION
One considers the following nonlinear system [4], [5], [6]
i = flxu),
y = h(x),
where x € R" is the state variable, u € R™ 1is the control

(1)

input and y € R™ — the output which will be controlled by
the control input u. From equations (1), one gets

%f(x,u): F(x,u)

2)

y =
or

u=F(x,v), (3)
where v is the auxiliary input of the system. From equations
(2) and (3) one yields

y:F(x,F’l(x,v)):v. 4)
The auxiliary input may have the classical form
v=K(y -), )

where K is a gain matrix and y, the imposed value of y.

The term that compensates the nonlinear dynamics also
provides the linearization of the dynamic system and the exte-
rior loop, expressed by equation (5); the system becomes
linear and achieves the desired value of the output y, (fig. 1).

Unfortunately, some input-output equations do not describe
the aircraft dynamics with minimum phase because of the
aerodynamic forces' derivatives in rapport with control
surfaces' deflections. This fact has prevented the direct
application of dynamic inversion to the automatic flight
control systems. This problem can be avoided by system's
separating on two time scales; thus, there are slow variables
and fast variables. Fast state variables are used to control the
slow state variables while the fast variables are controlled by
the command variable. One considers the following two time
scales nonlinear system

o= filvsxgsu),dy = folvsxg,u),y = h(x),  (6)
where x; € R" is the slow state, x, € R" is the fast state,

u € R" — the control input and y € R” — the controlled

output. The input-output equations on the slow scale may be
derived as follows
oh

ol

where F (xl, Xy, u) is invertible in rapport with x, .

()

(xlaxzau) = F(xbe’u)’
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Fig.1 The linear system with dynamic inversion

One obtains x,. from the previous equation using the
dynamic inversion

Xpe = F 7 xp,vpu),v = Ky (e = »), (8)

where v, is the auxiliary input for the slow scale controller

and K, — the feedback gain matrix. If x, = x,., the
following equation is maintained
j’:F(xlaF_l(xlaVn”)):Kl(yc _J’):V1~ )
Finally, one obtains u, in the fast scale so that x, — x,,
U :fzil(xl’XZ’VZ)’ (10)

V2 = Kz(xzc _xz)a
where v, is the auxiliary input for the fast scale controller

K, — the feedback gain matrix.

III. THE USE OF THE HIERARCHICAL DYNAMIC INVERSION

TO THE AIRCRAFTS’ DYNAMICS

For the conventional aircrafts with fixed wing the command
surfaces’ deflections has the slowest time scale [4], [5]. These
deflections generate acrodynamic moments around aircrafts’
axes. The aerodynamic moments generate angular velocities
and the angular velocities are integrated in order to obtain the
aircraft’s attitude. The forces have the same time scale with the
accelerations. The attitude is integrated to obtain the velocities
and the velocities give the position of the flying object. The
variables may be grouped in four layers (time scales): very
slow scale (the position of the aircraft X,Y,Z ), slow scale

(none of the variables), fast scale (velocities U,V,W and
angles ¢,0 and vy ) and very fast scale (the angular velocities
P,0,R) [3].

longitudinal error e, , the lateral error e

The aircraft position is defined by the

,, and the trajectory

arc length s. The velocities are defined by the real velocity of
the air currents V¢, the direction angle in rapport with the
air currents y, and the trajectory’s angle in rapport with the
air currents y,. Vg is directly controlled by the thrust force

or by the aerodynamic braking. The attitude is defined by three
angles: roll angle @, pitch angle 0 and sideslip angle ; all
these angles are controlled by angular velocities [1]. For the
coordinated flight . = 0, the incidence angle o 1is not
considered a state variable as it appears in [3]. This will
improve the precision of control because the inertial attitude
can be measured with less error than the aerodynamic angles
like o. The three angular velocities P, Q, R are controlled by

the three command surfaces: rudder, aileron and direction [7].
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It is not enough to choose the state variables. This choice
may be not optimal for some applications; that’s why state
transformations will be made.

The state variables are transformed from the initial ones

x € R'? in the new state variables & € R'?. One notes with
T (x) the nonlinear transformation which verifies equation
¢ =T, g
x =T 1(¢).
x=x Yy zuv w ¢ oy P 0 R,
g e Vs Vo Yo © 0 B P O R]T-
The control vector u contains four variables representing

the deflections of control surfaces
u=15,8, 8, 8¢} (12)

8, and &, are the deflections of the rudder,

where is selected so that T — invertible

(11)

[S €y

)

where 81,, o

aileron, direction, respectively the gas lever’s displacement.
Taking into account the multi time scale separation from the
previous section, & is separated as follows

glz[ey eh]aézz[VTAS Va Ya]Ta
e;=[o 0 pl.es =[P 0 R].

In layer i (z’ = 1,2,3) the equations of dynamic models of the

(13)

subsystems can be defined as
& = Fi(&aiﬂéi-%—l’uﬂ éi)ai =13, (14)
where Ei is a set of state variables other than &; and &; ;. On

the other hand the dynamic equations of the inner layer
(z' = 4) and those for V¢ are given as

&4 = F4(§a5T’L7)’VTAS = F21(§»5Ta17)’ (15)
where u is the set of control variables. This case &;.y). .,
and ;. are determined from equations [1]

Xi+le = Fﬁl(xn"n”a X; ),

Vi = Ki(xic - xt)a

u, = £, (xv,), o
v, = K, (5, = x,).
One obtains

E(ivt)e = Fﬁl(&iau’giavi)a v = K[(aic - %,-)a

u, = F6,87,v4),vs = Ky(Eae = E4), (17)

Sp0 = F5' (& varsit) vy = Koy Vrgse = Vias)-

Using Taylor series expansions of F;
Fi(& + A& u + Au) = F(5,u)+ aa—lz + % (18)
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and the first equation (17), one gets

(§17g1+17u & ) (@(m)c - E.~i+1) =

oF,

—

oF;

K&, &),
e (& -&)
—u)=

oF.
Fo(8,8,,u0)+—2L(5,. —
21(‘2 T u) 25, Bz,

F4(‘ga8Taﬁ)+ K4(<Y54c —§4), (19)

0r) = Koy (Vrase = Vias)-

In the above equation the superior order terms have been
neglected and that is why the inversion is inexact. Solving
equation (19) in rapport with &, ). ,u, and &7., one gets
i(m)c =& —[

OF,

-1
J {F}(e:iséi+lauagi)_Ki(§iC' —ii)}a
u, = E—[— _

1
— ] a8, 8,,0) - K&y — B,
u
0F,,

5Tc = 8T _(_

oF,
a&iﬂ

(20)

1
08 J {FZI(E.»ST’;{)_ KZI(VTASc - VTAS)}'
T

IV. AIRCRAFT NUMERICAL APLICATION
OF THE HIERARCHICAL DYNAMIC INVERSION

One considers the longitudinal movement of an aircraft
described by equations [1]

[Fllon Fy, Flon Flon Flon]T _ [eh V‘.TAS '}./ﬂ éQ]T,

e ] [alyr alg aly aly aly e, | [l ol

Vias | | aky aly' alty alyy aly | Vs | |Bly bl o
Vo |=|aly aly aly aly aly | v, |+ Bl bly {;},( )
O | |ay aly oy aly aly| o | bl bl |7
0 | |alyr aly ol aly aly | 0 | |l bl

élon = Alon&lon + Bl(mulun .

The matrices A" and B’" are the ones from the second
equation (21). One customizes the relations (20) for variables

£, (i = 14) defined by equation (13). Thus, for / = 1,&,, has

components .,V and Vpq,

-1
aFlon -
e =y =10 —| S| Rl 20 E) -] 22)
%,
where F[" verifies equation (14) for i = 1; using (21), one
obtains
= Rl (VTASﬂya) affe, + aly"Viys + (23)
+a"y, + a0+ a0 + b§"5 , + b{3"3;
and
Yoo = ~lalg') altre, + alg Vs +alyoralyo)-
( lon) [bll(lms + blonST _ Kllon (ehc —e, )]
For i = 2 one yields [1]
0 ( lon) 1( lon lunV lon lon )_
¢ A3y ) \azp e, +ay Vs + a3y, +dss 25)
(aé(‘)ln) [bﬁ"S + bl(mST - Kéon (Yac - Ya)]

and for i = 3 one gets
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1
0. = (azltosn) (aftolneh +aly Vs +aigy, + aﬂne)— (26)
aiosn) l[béllolns T blonST _K310n (ec _ e)]
and
F"’” =6= a41 e, + ai"z”VTAS + af&”ya + af&”6+ o7

lon
+ Qys

0+ bfﬁ”SP +blors .
To calculate u, the authors use second equation (20), taking
into account that u' = [68 5, d d]T. Thus, for the longitudinal

movement of the aircrafts, one obtains

Fi" =0 = affe, +afVps +af'y, + a0+
+al'Q +bl"s , + b5y,
7 =8y =8, = bir) latpe, + gV + o) -
~ (bl ) (atyo + a0+ s, + blgs, —vin),
Oy = —(bé‘;") (aé‘i"eh +aG Vs +ag'y, + aé‘j{’@) (30)

) o s s, - xtl0, 0]
In order to calculate &;. one uses the third relation (20).

First, F,; from equation (21) must be determined

_ _ lon lon lon
Fy = Vs = ayl'ey +ayy'Viyg +axy'y, +

(31)
+ a0+ afi +bY'S, +by'Sy,
1
8, = —(bé%") (aélneh +a Vs + ayv, + aé‘ﬁ{'@) (32)

- (bé‘ﬁ") 1[”25 + bé(insp — K5 Viase = Vias )]~
In general, feedback gains of exterior loop should be smaller
than those in the inner loop. As the gains ratio between inner
and outer loop is smaller, interference have less effect and
stability is increased in expense of performance. Therefore the
most efficient gain ratio between inner and outer loop is
approximately 0.3 to 0.4 [1]. The authors of this paper have
increased this ratio to 0.6. This way they increased the stability
of the aircraft and its dynamic characteristics. Thus, the loop’s
gains are

Klen = (0.63)-1.3 -7,
Kl =(0.62)-13-7,
Kl = (0.6')-13- 7, G

Kl =(0.6°)- 1.3 7.

In order to apply the liniarised system obtained in the
previous section, one uses an ALFLEX aircraft model presen-
ted in [1]. In fig. 2 the one presents the block diagram that
models equations (21), (24), (25), (26), (29) and (32), asso-
ciated to the longitudinal movement of aircrafts.

Based on this block diagram one obtains the Matlab/ Simu-
link model of longitudinal motion (fig. 3) and will obtains con-
clusions about the reliability and performance of the control
method presented in this paper.

The Matlab/Simulink model from fig. 3 has three subsys-
tems: Eq. (25), Eq. (29) and Eq. (32). In figures 4 - 6 one pre-
sents their Matlab/Simulink models.
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e ViusTa 0 07 5

% ViasTa 0 2 8y,
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Vius
SP‘
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Fig. 2 Block diagram of the system
—
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State
equations
— &
. k4 _lon
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\-‘_!S-?I’ZI—:I—b ’—p
»= K2 _long Eq.(32)
Fig. 3 Matlab/Simulink model of the block diagram from fig. 2
ini L— _
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a35_lo ~ a54_lon| g
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In7 In3 L

Fig. 4 Matlab/Simulink model of the subsystem Egq.(25)

36

Fig. 5 Matlab/Simulink model of the subsystem Egq.(29)
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Fig. 6 Matlab/Simulink model of the subsystem FEgq.(32)

Next, using data for the longitudinal motion, one obtains
graphic characteristics representing time variations of the
longitudinal error (fig. 7), air real speed (fig. 8), angle between
trajectory and air current (fig. 9), pitch angle (fig. 10), pitch
angular velocity (fig. 11), rudder deflection (fig. 12) and
spoiler deflection (fig. 13). In figures 9, 10 and 11 the
command variable is represented with red dashed line while
the variable is represented with blue continuous line.

Time variation of the longitudinal error

eh[m]

0 5 10 15 20 25
Time [s]

Fig. 7 Time variation of the longitudinal error

V raglm'e]

1] 5 10 15 20 25
Tite [s]

Fig. 8 Time variation of the air real speed

37

Time variation of the angle between trajectory and air currents
0_4 T T T T
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Time [s]

Fig. 9 Time variation of the angle between trajectory
and air currents

Time variation of the pitch angle

Teta[deg]

5 10 15 20 25
Fig. 10 Time variation of the pitch angle

Time variation of the pitch angular velocity

Fig. 11 Time variation of the pitch angular velocity
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Time variation of the rudder deflection
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Fig. 12 Time variation of the rudder deflection

Time variation of the spoiler deflection

Spoiler deflection[deg]

[ 5 1) S

25
Time [s]

Fig. 13 Time variation of the spoiler deflection

For the simulation one has used the following matrices

0 -0.0392 -96907 0 0
—4491-105  —-1.0941 —1.130 —7.525 —7.212-10°¢
Alm =] 9838 .10°¢ 0.00243  —1.323 1268 4.174-107 |,
0 0 0 0 1
|-1.912-107 —1.037-10* —1.459 1459 -1.130
) 0
- 4596 —3.216
Blon =| 0376 —0.068 .
0 0
|- 14.536 2.106

'V.CONCLUSION

The paper presents a methodology for the flight control
law’s design for the trajectory pursuit using hierarchical
dynamic inversion; this is based on separation of multi-time-
scale and multi-loop closing method. The authors made the
analysis of the longitudinal movement of aircrafts and obtained
graphic characteristics which demonstrate the effectiveness of
the proposed method.

The most efficient gain ratio between inner and outer loop
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is approximately 0.3 to 0.4 [1]. The authors of this paper have
increased this ratio to 0.6. This way they increased the stability
of the aircraft and its dynamic characteristics.
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